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1 Introduction

1.1 Monge-Kantorovitch problem and decomposition of optimal transport plans

Summary on the optimal transport problem In recent decades, optimal transport theory has
attracted considerable attention, due to its many connections to probability, analysis, geometry and
other areas of mathematics (see, e.g., [30, 29, 25, 2, 24]). In this paper, we investigate one of the most
elementary optimal transport problems, namely the L' Monge-Kantorovich problem on the real line.
Given two probability measures p and v, this problem consists of minimizing the global transport cost
function

Jim e Marg(u) > [yl dr(a.g),
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over the set Marg(u, v) of measures that satisfy the marginal constraints 7(A xR) = u(A) and 7(Rx B) =
v(B) for every pair (A, B) of Borel sets. If |y — x| is replaced by |y — z|P for some p > 1 in the definition of
the cost function J, then the set O(u, v) of minimizers of J, known as optimal transport plans, reduces to
a singleton which consists of the well-known (co)monotone transport. This transport plan, also known as

ll_] 0 1[>, where Ell_] 01 stands for the restriction of the
Lebesgue measure to |0, 1[, while G, and G, denote the quantile functions of p and v, respectively. For

p = 1 uniqueness of an optimal transport plan does not hold, and describing the set O(u, ) of optimal
transport plans becomes more delicate. A key result of this paper is a decomposition theorem for O(u, v).
More precisely, we construct a set D = {(u;,v;) ; ¢ € Z} of pairs of measures such that, for all i € Z,
the set O(u;,v;) admits a tractable description and, for every m € O(u,v), there exists a unique family
(mi)ier € [;e7 O(ni,v;) such that m =3 ., m;. This motivates the following notation.

quantile transport plan, is defined as (G, Gy)# (E

Notation 1.1 (Minkowski sum and direct sum of set of measures). Given a countable family (E;);ez
of subsets of M (R?), we denote by Y, 7 E; the image of the map ¢ : (m;)icz € [l;ez Bi = D jer i €
M (R?). If ¢ is injective, we write @),.7 E; instead of ;. E;.

With this notation, our decomposition theorem becomes O(u, v) = @7 O(pi, v;). Strictly speaking,
the decomposition is formulated in the more general setting of cyclical monotone transport plans (see
Theorem . In the case of measures without atoms and with compact support, it coincides with a
previous result by Di Marino and Louet [10, Proposition 3.1]. The second part of the article is devoted
to the selection problem associated to the entropic regularization of our transport problem: we defer
its detailed presentation and the statement of our results to the second part of this introduction. To



motivate our decomposition theorem and to clarify the exposition of the decomposition procedure, we
briefly present a related decomposition result for the set of transport plans satisfying the martingale
constraint.

Decomposition theorem for the set of martingale transport plans A classical theorem (see
Strassen [27]) states that the set Mart(u, ) of martingale transport plans, i.e. the transport plans 7 that
admit a disintegration of the form n(dz,dy) = p(dz)k,(dy) with [, yk.(dy) = z, is non-empty if and
only if the measures ;1 and v are in the convex order, meaning that the potential functions w, : t
Jz |z —t| du(z) and u, : t — [ o — t] dv(z) satisfy u, < u,,ﬂ Assuming u,, < u,, let (I})gex be the
family of connected components of {u, < u,} := {x € R; u,(r) <wu,(x)}, and define the components
of u by setting u= = P fu =} and pp = B, for each k € K. Beiglbock and Juillet [4, Theorem
A.4] proved that there exists a unique family ((vx)rex, ™) such that v =3, o vp +v7, uy= < up= and
uy, < uy, for each k € K. Moreover, the inequality u,, < w,, is satisfied in the interior of the support of
p and v, and they established that Mart(u, ) admits the following decomposition:

Mart(p, v) = <€B Mart(,uk,uk)) @ Mart(pu=,v7).

kek

The key ingredient of this result relies on the fact that the set
{x € R ; Vr € Mart(,v), (] — 00, 2l [z, +00]) ¥ ([, +00[x] — 00,a])) = 0}

coincides precisely with the set where the potential functions are equal. In higher dimensions, although
the situation is notably more intricate, similar results have recently been established [13] 19, 21].

A decomposition result for cyclically monotone transport plan Our decomposition method for
O(,v) closely mirrors that of Mart(u,v): the optimality constraint replaces the martingale constraint,
and the cumulative distribution functions take the role of the potential functions. In this introduction,
we present the decomposition result of O(u,v) for atomless measures: in this case, the analogy with the
martingale decomposition becomes particularly clear, and our decomposition theorem can be presented
more intuitively. In this context, the cumulative distribution functions F,f and F,S of p and v are
continuous, so that the sets F), > Ff and F, T < Ff are open, and their connected components, denoted
by (LN )rex+ and (I )rex— form countable famlhes of open intervals. The components of ;1 and v are
then defined by restnctmg them to these connected components. More precisely, we set

{M = W (rp—r {uz =nig {“k = ni; "
VT =V pbopfy v = Vit vy = o

We write p <p v when the inequality F}, > Ff holds, with strict inequality F, T > Ff on the interior of
the union of the supports of u and 1/E| We can now state our decomposition result in the case of atomless
measures.

'The measure y is smaller than v in the convex order if J fdp < [ f dv for all convex function f. This characterization
trough the ordering of potential functions holds only for measures on R. In the following, we refer to a statement as a Strassen-
type result if it characterizes a stochastic order via the existence of a transport plan satisfying structural constraints.

2For measures that may have atoms, the definition <r requires both right continuous and left-continuous distribution
functions, and strict inequality may also be required at extremal points of the support: we refer the reader to Deﬁnitionw
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Theorem A. Let y and v be two atomless measures on R such that min J < +00, and define the marginal
components (1) )rex+, (g, hex—#~) and (V) )rex+, (v Jkexc—» v™) as in Equation ().
1. Then = = v~, and for all k € KT (resp. k € K7), we have pf <p v;" (vesp. v, <p py)-

2. The set O(u,v) admits the following decomposition:

O(pv)=| @ o v | & | D Oy, vp) | & 0=, v7).
kekt kek—

As for the decomposition of Mart(u, ), the proof of this result relies on the characterization of a
specific set, whose elements will be called barrier points. This set, denoted by B(u,v) is defined by

B(p,v) ={z € R; Vr € O(p,v), (] — 00, z[X]x, +00[U]z, +00[X] — 00, 2) = 0},

and coincides with the set of points where FJ and F)f are equalﬂ In case p and v have compact
support this result coincides with that of Di Marino and Louet: we mention that their proof relies on
the construction of an explicit solution to the dual problem and on the use of complementary slackness
to constrain mass displacement for elements of O(u, V)H In contrast, our approach is based on cyclical
monotonicity, a geometric property of the support of optimal transport plans (see Definition , which
we use to establish our earlier characterization of barrier points. In Section [2| after proving Proposition
[A] we extend this decomposition result to the case where the measures may have atoms, which, as we
will see in detail, requires a more refined analysis. Without delving into technical details at this stage,
we note that the general case requires working with both right-continuous and left-continuous cumulative
distribution functions (see Definition and the preceding example), that components may not be
mutually singular (see Definition and Point (3| of Remark , and that a refinement of the notion of
barrier points is required to control mass repartition at the boundaries of the components (see Proposition
. In Theorem after adapting the definition of marginal components, we prove Theorem [A| for
measures (u,v) that may have atoms. This result, stated in the broader context of cyclically monotone
transport plans, coincides with Theorem [A] when p and v are atomless measures such that min J < 4o0.
In the appendix, we prove a refinement of this decomposition theorem, and we address the question of
the optimality of both the original decomposition and its refined version.

We now highlight a interesting consequence of our approach. For LP transport with p > 1, it is
well known that a transport plan is optimal if and only if there exists a set I" such that, for every
(z,y), (2',y) €T, ly — 2P + |y — 2'|P < |y — '[P + |y’ — 2[P[’] We establish that this characterization of
optimality also holds for p = 1, and provide an interpretation in terms of “crossings” (see Proposition
2.40]).

3This is not true anymore if ;1 and v may have atoms: we refer the reader to Equation for the general characterization
of B(p,v) in terms of cumulative distribution functions.

4Di Marino and Louet proved a slightly different version of this result (see Proposition for the exact statement).

5This condition corresponds to cyclical monotonicity (see Definition for cycles of length two, and is equivalent to
(y —z')(y — =) > 0. This is the key argument used to show that O(u,v) reduces to the monotone transport plan.



1.2 Entropic optimal transport for the L' problem on the real line

Summary on the entropic optimal transport problem In the second part of the article, following
the same objective as Di Marino and Louet, we investigate the selection problem in entropic optimal
transport. Given two probability measures p and v, and a regularization parameter ¢ > 0, the entropic
optimal transport problem consists in minimizing the regularized cost function

Je i m € Marg(p, v) — / ly — z| dm(x,y) + eEnt(7|p @ v),
R2
where the relative entropy Ent(:|u ® v) is defined as follows:

Ent(r|u ® v) = {fR2 o Qjﬁ%) Gy WOV ET <O
+00 otherwise

When ¢ = 0, we recover the usual optimal transport problem. Heuristically, since Ent(-|u ® v) can
be interpreted as a measure of divergence from p ® v, the entropic term in J. encourages the minimizer
e := argminJ, to balance two competing effects: minimizing transport cost and being as close as possible
to the product measure. This regularization, which applies to more general cost functions, was popularized
by Cuturi [9] and has since become a highly active area of research. Its main appeal is likely due to the
fact that it transforms the optimal transport problem —which solutions are hard to compute in high
dimensions— into a computationally tractable problem. Indeed, adding this regularization term allows
the use of robust and efficient algorithms, such as the celebrated Sinkhorn algorithm [26]. We refer to [23]
and the numerous references therein for a comprehensive overview of the computational aspects related
to optimal transport and to [20] for a general introduction to entropic optimal transport theory.

Since entropic optimal transport is viewed as an approximation of classical optimal transport, under-
standing its behaviour as the regularization parameter ¢ tends to 07 is of critical importance. Beyond
its computational applications, several aspects of this convergence have been studied, including the con-
vergence of minimizers, convergence of solutions to the associated dual problem, stability with respect to
the data (marginals and cost function), and convergence rate estimates. In this paper, we are interested
in the question of the convergence of the minimizers of J.. We refer the works [8, I7] in the context of
the squared Euclidean distance, where I'-convergence methods are used to prove the convergence of the
entropic minimizers to the unique optimal transport plan. This result has been extended in [5], where the
authors show that for continuous cost functions, every cluster point of entropic minimizers is a cyclically
monotone transport plan: in particular, if there exists a unique optimal transport plan, we obtain the
convergence toward this transport plan. In the case of measures with finite support, it is known [23]
Proposition 4.1] that entropic minimizers converge to argming,,, ,yEnt(-|u®v). Outside these cases, prov-
ing the convergence and finding a characterization of the potential limit remains an open question and
an active area of research. This selection problem can be reformulated as follows: is an optimal transport
plan selected by entropic regularization, and if so, how can it be characterized?

Convergence of minimizers for the L' entropic regularization on the real line The most ele-
mentary setting in which this selection problem arises is the distance cost on the real line: O(u,v) is gen-
erally not a singleton, and optimal transport plans are not even absolutely continuous with respect to the



product measureﬁ Our first contribution to this selection problem is to use our decomposition result for
O(p,v) and a Strassen-type theorem due to Kellerer [I5] to build a transport plan KC(u, v) with the follow-
ing special property: each positive (respectively negative) component of IC(u, v) is strongly multiplicative,
meaning that it coincides with the restriction of a product measure on F := {(x,y) €ER?; z < y} (re-
spectively on I := {(z,y) € R?; 2 > y}). We conjecture that (7).~ converges to K(u,v) when ¢ — 0F.
In [I0, Theorem 4.1], the authors proved K(u,r) = lim,_,o+ m- when p and v are compactly supported,
have finite entropy with respect to the Lebesgue measure on R, and there exists m € O(p — pu=~,v — v™)
with finite entropy with respect to p ® v (see Sub-subsection EI We then adapt the proof from the
discrete setting to prove that this conjecture holds whenever there exists an optimal transport plan with
finite entropy. Our main convergence result is stated as follows.

Theorem B. Consider a pair (u,v) of probability measures. If for all k € Kt (respectively k € K7),
( + .+

ty vy ) (resp. (py , v, ) forms a pair of mutually singular measures, then 7. — K(p,v).
e—0

This covers the case where one measure is atomic and the other has no atoms. In the general case the
conjecture is still open, but we prove the following result.

Theorem C. Let (u,v) be a pair of probability measures. If 7* is a cluster point of (7;)c>0, then every
restriction of 7* to a product set contained in {(x,y) eR?; 2 < y} or {(x,y) eR?; x> y} coincides
with a product measure.

This property, known as weak multiplicativity was introduced by Kellerer [I5], and its “strict version”
has proven useful in studying the Markov property of real-valued point processes [16].

Decomposition and regularized problem in higher dimension In the Monge-Kantorovich prob-
lem on R™ with cost given by the Euclidean norm, a classical decomposition strategy due to Sudakov [2§]
has proven instrumental to establish the existence of an optimal transport map. The core idea of this de-
composition is to disintegrate the measures p and v into families (y, ), and (v, ), of measures concentrated
on one-dimensional “transport rays”. This allows one to consider, on each transport ray o, a solution 7w,
to the one-dimensional transport from p, to v,. The delicate step consists in gluing the 7, together into
an optimal transport plan from g to v. Assuming p < L™, and if each 7, is chosen as the monotone
transport between p, and v,, this gluing procedure is well-defined and yields an optimal transport map.
For further details on this decomposition, we refer the reader to the lecture notes by Ambrosio [I] as
well as to the textbooks [25, Sections 3.1.3 and 3.1.4 | and [I8, Chapter 18] (which contains an extensive
bibliographical note on the historical development of this decomposition). It is worth noting that this type
of decomposition differs in several respects from both our decomposition and the martingale transport
decomposition. The main difference lies in the fact that, rather than decomposing p and v into a family of
sub-measures inducing a decomposition of the global space, the decomposition proceeds via disintegration.
The assumption p < £ plays a crucial role in this framework. Nevertheless, this method has proven
useful in addressing the selection problem arising in the study of L' entropic optimal transport for the
Euclidean distance cost ¢(z,y) = ||y — z||. Recently, Aryan and Ghosal proved the following selection re-
sult [3]. Let X and Y be compact subsets of R? such that d(X,Y) = inf ({|jy —z|| ; 2 € X,y € Y}) >0,

CE.g., if p = do + 01 + L], and v =81 + 0+ L], .1, then O(p1,v) = Marg(90 + 1,81 +82) & { (id,id) £}, , |-
"Along with some additional technical assumption, see Theorem for the precise statement.



and let ¢ and v be probability measures on X and Y with smooth densities with respect to the Lebesgue
measure. Then, the family (7.).~0 converges to an optimal transport plan 7°P', and 7°P* is characterized
as the optimal transport plan that minimizes a relative entropy along each transport ray.

1.3 Organization of the paper

In Subsection we begin by stating the result of Di Marino and Louet (Proposition in the case
of atomless marginals. We believe this provides the reader with intuition, while also introducing tools
that will be used throughout the remainder of the paper. After introducing cyclically monotone transport
plans (Definition and barrier points (Definition , we provide a concise alternative proof of their
result. This proof relies on the fact that elements of {F;jr = F,I'} are barrier points (Proposition and
on a characterization of optimal transport plans for pairs of stochastically ordered measures (Proposition
2.11). Building on this result, we establish our decomposition theorem for atomless marginals (Proposition
2.14).

In Subsection [2.2] we prove a similar decomposition theorem for general measures, which are not
necessarily atomless. We begin with the proof of a technical lemma stating that the relative positions
of the cumulative distribution functions impose constraints on the regions where optimal transport plans
can concentrate (Proposition . Next, we define the components of the real line (Definition ,
the components of the marginals (Definition , and the components of an optimal transport plan
(Definition . Subsequently, we prove that the components of optimal transport plans posses the
correct marginals (Proposition . We then introduce the reinforced stochastic order (Definition [2.33))
and prove that the (non-equal) pairs of marginal components are ordered in this reinforced stochastic
order (Proposition . Finally, we prove our decomposition theorem for O(u,v) (Theorem . At
the end of this section, we establish that a transport plan is optimal if and only if it is concentrated on a
set of transport paths that do not “freely” cross (Proposition .

In Subsection [2.3] we investigate the optimality of our decomposition. After defining the set A of
admissible decompositions of (y,v) (Definition [2.43)), we introduce a relation <4 on A (Definition [2.45).
We then state that <4 defines a partial order on A and that the decomposition constructed in Section
is a minimal element of (A, <4) (Theorem . Given the technical nature of the proof, we defer it
to the appendix (Theorem . However, we prove a key ingredient of its proof: the characterization of
barrier points in terms of relative positions of cumulative distribution functions (Proposition , which
relies on the Strassen-type theorem for the reinforced stochastic order (Theorem .

In Section we study the behaviour of (m:)c>¢ as € tends to 0T. In Subsection we use a
straightforward adaptation of a result by Di Marino and Louet (Lemma and the fact that the relative
entropy of an optimal transport plan equals the sum of the relative entropy of its components (Proposition
@D to establish that K(u, ) minimizes the relative entropy among optimal transport plans (Theorem
5.0).

In Subsection [3.:2] we explain why this implies that, if there exists an optimal transport plan with
finite entropy, then (m:)s~ converges to K(u,v).

In Subsection after introducing the notion of (large) weak multiplicativity (Definition [3.10]), we
prove that weak multiplicativity is stable with respect to weak convergence of transport plans (Propo-
sition . We then apply this stability result to prove that the cluster points of (7:).>0 are weakly

multiplicative (Theorem [3.16]).
In Subsection after introducing “strict” versions of the reinforced stochastic order, weak multi-




plicativity, and strong multiplicativity, we prove that, if the (non-equal) pairs of components of (u, ) are
singular, then m. converges to K(u,v) as e — 0%. Notably, this encompasses the case of semi-discrete
pairs of measures.

In Appendix we present a refinement of the decomposition constructed in Section 2.1 (Theorem
A.4)). This decomposition, obtained by adding mass to the diagonal part of our previous decomposition,
is no longer related to the entropy minimization problem, but is preferable in the sense that it has a larger
diagonal part.

In Appendix by applying another Strassen-type theorem of Kellerer (Proposition, we prove that
the fixed part of our refined decomposition is maximal (Lemma . We then use our characterization
of barrier points to prove an optimality property of the family of “concentration squares” (Proposition
B3).
In Appendix [C] we prove optimality results for our both decompositions. After defining a class A*
of admissible decompositions that is broader than the class introduced in Section 1.3 (Definition ,
we introduce a relation <4+ on the set of admissible decompositions (Definition . Next, we prove
that < 4« defines a partial order on A* and that our refined decomposition is a minimal element for A*
(Theorem . Finally we establish that the non-refined decomposition is the minimal element of A

(Theorem |C.17)).

1.4 General notations
1. For all (a,b) € Z2, we define [a,b] = [a,b] N Z.

2. Any Polish space E is equipped with its Borel o-algebra B(E). We denote by P(E), M4 (F), and
M (E) the set of probability measures, finite positive measures, and o-finite positive measures on
(E,B(E)), respectively. For all vy € M%(FE) and A € B(E), we define the restriction of 7 to A as
Y B € BE) = v(AN B). We will say that + is concentrated on A € B(E) if v(A¢) = 0. We
will often need to consider the support of the measure, denoted as spt(y) of a measures . Recall
that spt(v) is a closed set, 7 is concentrated on spt(v), and every neighbourhood of an element
belonging to the support has positive measure. The pushforward notation will often be needed: if
E' is another Polish space, f is measurable, and f : E — E" and v € M3 (E), we denote by fuy
the pushforward measure of v by f, defined by fuvy: B € B(E') — y(f~}(B)).

3. In the case where F = R, we introduce specific notation. We begin with extremal point of the
support: define s, = inf(spt(y)) and S, = sup(spt(y)) € [—o0,+00] (the letter “s” stands for
support). Next, let Fif 1t € R — (] —o00,t]) € RT and F : t € R = 7(] — o0,t[) € R denote
the cumulative distribution functions of -, respectively. Recall that Fis left-continuous, Fj is
right-continuous and F~ < F.F. Finally, we denote by Atom(y) = {z € R ; y({z}) > 0} the set of
atoms of v: we shall say that v is atomless when Atom(y) = 0.

4. The following notation concern specific spaces of measures. We define ./\/li as ./\/l?F = {(pn,v) €
ML (R)? 5 w(R) = v(R) > 0}: observe that M2 is a proper subset of M (R)2. We also define
Mi(R) = {p e ML(R); [gl|z| du(z) < +oo}. Given two measures p,v € My (R), we define the
set of transport plans from y to v by Marg(u,v) = {m € M4 (R?) ; p1am = and poym = v}, where
pr:(z,y) ERZ= 2 € R, po: (z,y) € R? = y € R stand for the projections from R? to R. Recall
that the cost function for transport plans J : Marg(u,v) — Ry associated to the distance is defined



by J(m) = [ge |x —y| dn(x,y): its minimum, also known as the 1-Wasserstein distance between
and v, is denoted by Wi(u,v) = min(J). The set O(u,v) of optimal transport plans from p to v is
then defined as the set of minimizers of J, that is, O(u,v) = {7 € Marg(u,v) ; J(w) = Wi(u,v)}.
Note that (p,v) € Mi(R) x M;(R) implies that Wi (p,v) < 400 and Wi(u,v) < +oo implies
(1, v) € M%. We denote be €(u,v) the set of cyclically monotone transport plan for u to v (see

Definition .

5. The following notation for half-planes, adopted from Kellerer, will be useful: we define F =

{(z.y) eR?; 2 <y}, F={(z,y) eR?; y<z},G={(z,y) eR*; 2 <y}, G = {(z,y) eR?; z >y}

and D = {(x,z) ; * € R}. Given H € B(R?), we define Margy (1, v) = {7 € Marg(u,v) ; m(H¢) = 0}.

2 The decomposition result.

2.1 The structure result of Di Marino—Louet

Before presenting our decomposition, we examine the result by Simone Di Marino and Jean Louet re-
garding the structure of optimal transport plans, when (u,v) € P(R)? is a pair of atomless marginals [10
Proposition 3.1]. Although their result is not originally presented as a decomposition of the space O(u, v)
in direct sums of subspaces, we shall see that the proof of this result leads to our decomposition result (for
atomless measures). When p and v are atomless, the functions F and F,I are continuous; therefore, the
sets {F;f > Ff}:={zeR; Ff(z) > Ff(x)} and {F;f < F}}:={zeR; Ff(z) < Ff(x)} are open
and consists of a countable famlly of open, connected components. Let (Ja;, bJr Drerc+ and (Jag , b, [kec—)
denote the connected components of {F,f > F;f} and {F,} < F;/}, respectlvely. Using our notation, the
result by Di Marino and Louet can be stated as follows.

Proposition 2.1 (Structure result by Di Marino-Louet). Assume that i and v in P(R) are atomless
and have compact support. For all 7 € O(u,v), there exists a set Sy € B(R?) such that ©(Sy) =1 and:

1. [S=n({Ff =Ff} xR)] c D;
2. For all k € KT, [Sz N (Jai, b [xR)] C F N (Rx]a,b;[);
8. For allk € K=, [Sx N (Ja;,, b, [xR)] € F N (Rx]ay , by [)-

Interpreting a transport plan ©# € Marg(u,v) as a mass displacement from the distribution u to
the distribution v, a point (x,y) represents a transport path and m(z,y) the amount of mass displaced
from z to y. Observe that F represents forward transports, F represents backward transports, and D
corresponds to fixed mass. From this perspective, Point [I] of Proposition states that the mass on
the set {F J = F}} remains fixed under any optimal transport for the dlstance cost. Point [2| (resp.
Point of Proposition states that for an optimal displacement, the mass of u(dz) on a connected
component of {F,f > Ff} (resp. {F} < F}}) remains within the same component and moves forward
(resp. backward). Interpreting a transport as a measure on the plan R?, Proposition can be viewed as
an assertion about the concentration region of elements of O(u,v). Specifically, every element of O(pu, )
is concentrated on the following disjoint union of triangles and diagonal parts:

W @l o ) Enlag 0, P O {EF=Ff}).

kek+ kek—



Example 2.2. Define y = ]1]071[ LY and v = (2]1]1/8,1/4[ +2]1]3/8,1/2[ + ]1]1/273/4[ + 2]1]3/4,7/8[) LY We
have {F,\ > F\} =]0,1/4[U]1/4,1/2, {F;} < F}} =|3/4,1[ and {F,] = F;f} = [1/2,3/4]. According to
Proposition for every optimal displacement from p to v the mass moves as illustrated in Figure [1| and
is concentrated in the orange region shown in Figure

Figure 1: Representation of F/ (in red) and F;/ (in green) and mass displacement of elements of O(u, v)

We propose a brief alternative proof of Proposition which will provide the opportunity to intro-
duce notions used throughout the article. Our proof relies on cyclical monotonicity, and does not use the
construction and manipulation of an explicit Kantorovich potential that appears in the proof of Proposi-
tion 3.1 in [I0]. Cyclical monotonicity is a standard tool in optimal transport theory: for further details,
we refer to the monograph [30, Chapter 5].

Definition 2.3. A set I' C R? is said to be cyclically monotone if, for every n € N* and ((2i, yi))ic[1,n] €
ISy — 2] < SRy [y — @] (with the convention yn41 = y1). A measure 7 € M4 (R?) is said to
be cyclically monotone if it is concentrated on a cyclically monotone set.

Notation 2.4. For any pair (71,72) € M (R?), define &(71,72) as the set of cyclically monotone measures
in Marg(y1,72).

Remark 2.5. For any pair (y1,72) € M?%, €(71,72) is non-empty. Indeed, denoting by G,, and G-,
the quantile functions of 71 and 9, respectively, the reader may verify that the monotone transport plan

(Gryyy, G (]1[071] '£1) belongs to €(y1,7v2).
The following result is classical; see [30, Theorem 5.10] for a proof with more general cost functions.

Theorem 2.6. Assume that (v1,72) € M4 (R)? and Wi(y1,72) < +o0. Then O(v1,72) = €(71,72)-

9



(@, z)

Figure 2: Concentration region of optimal transport plans when x € R is a barrier point.

The following remark states that a sub-measure of a cyclically monotone transport plan remains
cyclically monotone for its own marginals. We next derive a corresponding result for optimal transport
plans. For any measurable space (E,7T) and any pair (y1,72) € M (E)?, we write 71 < 72 if, for all
AeT, n(A) <7(A).

Remark 2.7 (Cyclicity and optimality of sub-measures). 1. Consider (y1,72) € M4 (R)2, 7 € €(y1,72)
and 7 € M(R?). If 7* < 7, then 7* € &(p147", paym®). Indeed, if I' is a cyclically monotone set
on which 7 is concentrated, then 7* is also concentrated on I'.

2. Consider (v1,72) € M4 (R)? such that Wi(v1,72) < +oo, 7 € O(y1,72), and 7 € M4 (R?). If
7% <7, then 7 € O(p1 47", p2y 7). Indeed, since

Wi (p1ym®, paym®) < /R2 ly — x| dn*(z,y) < /R2 ly — x| dr(z,y) = Wi(y1,72) < oo,

by Theorem C(1,72) = O(11,72) and &(p1 7™, p2um™) = O(p1ym*,p2yun*). Thus, 7 €
O(p1ym™, paym™) directly follows from the previous point.

We now introduce the key concept of barrier point, which plays a central role in proving Proposition
and is used throughout the remainder of the article.

Definition 2.8 (Barrier points). For all € R, define C(z) = (] — o0, z[x]x, +00[) U (]2, +00[x] — 00, x).
We say that € R is a barrier point for (u,v) € M2 if, for all 7 € €(u,v), we have m(C(z)) = 0. We
denote by B(u, ) the set of barrier points for (u,v).

Intuitively, a barrier point of (p,r) is a point through which no optimal transport from p to v can
move mass. Visually, x € B(u,v) if every m € €(u, v) is concentrated in the yellow region shown in Figure
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The next result provides a sufficient condition for a point to be a barrier point. Its proof relies on
cyclical monotonicity and is postponed to the next subsection, following Proposition [2.15] which presents
a more general statement.

A

Figure 3: Illustration of the concentration area of optimal transport plans.

Proposition 2.9. Let pu,v € M (R) satisfy Wi(u,v) < 4o0o. The inclusion {F,} = F} C B(u,v) is
satisfied.

This proposition is an important step toward the proof of Proposition 2.1} To see this, observe that
in Example 1/4 and 1/2 lie in {F,] = F;[}, and thus both belong to B(u, ). Hence, the mass cannot
exit the connected component |1/4,1/2[, which is precisely the content of Point [2 of Proposition To
prove the “moving forward” part of Point [2] we use the fact that, for measures in the stochastic order, a
transport is optimal for the distance cost if and only if all the mass moves forward (see Proposition.

Definition 2.10 (Stochastic Order). We say that 73 € M4 (R) is smaller than v € M4 (R) in the
stochastic order if, for all bounded increasing function f : R = R, [p f dy1 < [p f dv2. In this case, we
write v1 <g V2.

It is well known that v1 < 72 if and only if both 71(R) = 72(R) and FJ} > F.f. We now recall the
Strassen-type theorem for the order <g, along with the characterization of the set of transport plans for
measures in the stochastic order. We refer the reader to [15, Proposition 4.1] for a proof of the first point.
The second point will be proved in Subsection [2.2] immediately following Proposition [2.15]
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Proposition 2.11. Consider (y1,72) € M (R)2.
1. Strassen-type theorem for <y : 71 <gt 12 < Margp(y1,72) # 0.

2. Characterization of optimality: If v1 <y 72, then the equality €(y1,72) = Margg(v1,7v2) holds.
When Wi(v1,72) < +00, we obtain O(y1,7v2) = Margp(y1,72)-

We prove now the structure result of Di Marino—Louet.

Proof of Proposition [2.1] Let C(x) be defined as in Deﬁnition and define B = (Ugerc+ {ay, b })U
(Ugex-{ag b5 1), Sz = spt(m) N (B¢ x B). Since p, v are atomless and B is countable, 7(S;) = 1. To
prove Point 2| fix k € K. Since ) and b} belong to {F;f = F,/'}, by Proposition it follows that
they also belong to B(u,v). Thus 7 (C(a;) UC(b))) = 0, which implies spt(m) C [C(ay) U C(b))]¢ =
] —o0,af P Ula)l, b ]2 U by, +oc[?, and therefore:

{&ﬁﬂ@bﬂﬂwc]p@PcRﬂ@ﬁﬂ )

Sx N (Rx]a, b [) Claf, bf PClay;, b [xR

To complete the proof of Point [2] it remains to show that SN (Ja;, b [xR) is contained in F. Let us define
77,': = Lot 5t 20 /JZ = B af bt and V]:_ =V ot bt As 7 is concentrated on spt(7), the first inclusion
of the first line and the second inclusion of the second line of Equation imply that 7'('2— = T ot bt (xR
Similarly, the second inclusion of the first line and the first inclusion of the second line of Equation [2]yield

= 7T|_R><] B Thus, 7 € Marg(u;,v;7). By Remark it follows that w7 € O(uf, ;). Since
n (R) = @ﬂ F+@p— %@H—F+@Q:4K)MMF+—F+:y Hﬂﬁ—ﬂﬂzo

we conclude that pi <s vir. By Proposition we obtain 7} (F¢) = 0, i.e., 7(F¢ N (Ja}, bf [xR)) = 0.
Thus, spt(r) C FU (Ja;, b [xR)¢, which 1mphes Sz (Jaf,bf [xR) C F, thereby completing the proof of
Point [2] in Proposition 2.1} Since the proof of Point [3] is similar, it remains to prove Point [l Consider
(z,y) € [Sx N ({FS = Ef} x R)] and suppose = < y. As = ¢ B, the situations |z,y[C {F < F;'}
and Jz,y[C {Ff > F;} are excluded. Since F; and F,} are continuous, there exists z €]z,y[ such
that Ff(z) = F,(z). Proposition implies 7(C(z)) = 0, whereas (x,y) € C(z). This contradicts
(z,y) € spt(m), therefore x > y. Similarly < y, which proves z = y and completes the proof of Point
il O

Remark 2.12. Our alternative proof of the statement of Di Marino and Louet requires only Wy (u,v) <
400, rather than compact support of the measures. In Theorem [2.14] we complete this result by a
decomposition result. We will generalize Theorem for marginals that may have atoms in Theorem

and Theorem (and €(u,v) instead of O(u,v)).

We fix the notation used in the previous proof concerning the components of the marginals.

Notation 2.13 (Components of the marginals). For all k € KT (resp. k € K7), define p = F gt 5ip

VI:_ = Vot bt (resp. p, = Bl Jar 5o v, = V'—]“Evbﬁ[)' Then, define p= = P (Ft=FfY and v~ =
YLiri=rty

Theorem 2.14. Consider a pair (u,v) € P(R)? of atomless measures with compact support. Using the
notation introduced in Natation we define B = [Toecr O, vi) X [Trer- Olky vy ) x O(0=, v7).
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1. For allk € KT (resp. K™ ), we have i <g v (resp. v, <g p. ), and p= =
2. The map ¢ : P — O(u,v) defined by

(T ket (T Jpekct> T ) = Z ™ + Z T, T

kek+ kek—

1

is a bijection. Furthermore, its inverse =" : O(u,v) — P is given by

o 1 (r) = ((Wuaw +2 )kelﬁ (WL}ag,b;P)kE,C, ’WL{FJ:FI/*P) ' (3)

Proof. 1. From the proof of Proposition for all k € KT, we have ,uk <st I/k, and similarly, for all
ke K™, v, <s pg- By Pomt I of Propos1t10nH T {Ff=Ff }xR is concentrated on D and its first
marginal is,u Therefore, s TL{Ff—Ff }xR = (id, id)gp= = =T (mf—Ff}2 Similarly 7| g, (Ff=F}} =
(id,id) v~ = T (Ff—pf}2 Hence u= =v~.

2. To prove that ¢ is surjective, ﬁx 7 € O(p,v). We established in the proof of Proposition [2.1] that,
forall k € KT, 7rk , defined by 7Tk = T et pt belongs to O(,uk Vg ). Similarly, for all k € K~ ) T s

defined by 7, = T o b 2 belongs to (’)(uk ,v; ). By the first point, 7= := (id,id)xu~ belongs to
O(p=,v™). Hence F, deﬁned by F = ((m} Jrex+, (7}, Jpex—, ™) belongs to 213. Moreover, the measure

T, deﬁned as T =D pex+ T +Dopex— Ty + 7 has first margmal S werct B> pe— B 0T =p
and corresponds to the restriction of m to W+ (Jag, b %) W Wee- (ay , by, [%) W{F = Ff}?).
Thus, 7(R?) = u(R) = #(R) and 7 < 7, which implies © = 7. Finally, we have shown that F € B
and p(F) = 7. Therefore, ¢ is surjective. Note that, as m € O(u,v) and F € B, integrating (z,y) —

ly — 2| along the equality ¢(F) = 7 yields Wi(p,v) = 3 pcper Wilpd i) + X perc— Wiy, , vz ).
This ensures that ¢ takes values in O(u,v). Indeed, for every F = (7} )peic+, (7 Jrex—» 7)), We
have ¢(F) € Marg(u,v) and

Z/ |y — 2| dmjf (2, y) Z/ ly — x| dm (2, y) /!y—-’r!dﬂ (,y)

kek+ kek—
Z Wl Nk?yk Z Wl Mk?l/k WI(M?”):
kek+ kek—

which implies ¢(F) € O(u,v). The injectivity of ¢ and the validity of Equation follow directly
from the fact that {Ja;, b} [*}rexc+ U{lay , by Phecx- U {F = F}}?} forms a collection of disjoint
sets. O

2.2 Generalized decomposition result

In this subsection, we aim to extend Theorem to any pair of measures, including those with atoms.
More precisely, for any pair (u,v) € M2, we will prove a decomposition for €(u, v). Note that we neither
require the measures to be atomless nor that Wi(u,r) < 400, and that we decompose €(u,r) instead
of O(u,v). By Theorem this result also covers the decomposition of O(u,v) when Wi(u,v) < 4oc.
Note that u(R) = v(R) is the minimal assumption possible: otherwise Marg(u, ) is empty and there is
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nothing to investigate: this is implicitly assumed from now on, as we consider pair of marginals in /\/l?F
(see Notation Point 4). The following result extends Proposition and serves as a fundamental
step toward our decomposition.

Proposition 2.15. Consider (u,v) € M2, z € R and 7 € €(u,v).

1. If Ff(x) > Ff (z), then n(]x, +o00[x] — 00, z]) = 0.
2. If F; (x) > F; (), then n([z, +00[x] — 00, z[) = 0.
3. If Ff (x) < Ff (), then (] — oo, 2] x]z, +00]) = 0.
4. If F (x) < F; (x), then (] — oo, x[x [z, +00[) = 0.

Proof. Assume that x satisfies F,f(z) > F,(z). To reach a contradiction, suppose that 7(]z, +oo[x] —
00,]) > 0. Observe that 7(] — 0o, z]x]| — oo,z]) + 7(] — o0, ]z, +o00[) = F,f(z) > Ff(z) = n(] -
00, x| x| — 00, z]) + 7 (]z, +00[x] — 00, 2]), which implies 7 (] — oo, ] x|z, +o0[) > 7(]z, +00[x] — 00, 2]) > 0.
Let I’ € B(R?) be a cyclically monotone set on which 7 is concentrated. Then, 7(I'N(Jx, +00[x]—00,z])) =
7(]z, +o0[x] —00,z]) > 0 and 7(I'N (] — 00, ] x|z, +00])) = 7(] — 00, x| X]z, +00[) > 0. Hence, there exists
(x1,91) € (Jo, +oo[x] — 00, z]) N T and (z2,y2) € (] — 0o, z]x]x,+00[) NI. Define a = min(x2,y1),b =
max(x2,y1),c = min(zy,y2) and d = max(z1,y2). We have the inequalities z2 < & < y2, 11 < = < 1,
and a <b<z <c<d Thus, |yg—z1|+|y1 —x2|=(d—c)+(b—a) < (d—c)+2(c—b)+ (b—a) =
(d+c)—(a+b)=(y2+z1) — (11 +22) = (Y2 — x2) + (x1 —y1) = |y2 — x2| + |y1 — 1|, which contradicts
the cyclical monotonicity of I'. Therefore, m(]z, +oo[x] — 00, z]) = 0. The reader may verify that the
arguments for the three other points follow are analogue. O

Remark 2.16. Observe that the proof of Proposition [2.15] only relies on the cyclical monotonicity for
two pairs of points. Indeed, we used only that the set I' on which 7 is concentrated satisfies:

V(z1,y1), (v2,92) € T, [y1 — 21| + |y2 — 22| < [y1 — 22| + |y2 — 71

By Points [2| and [3, we deduce {F,} = F,'} = {F;} > Ff} n{F,} < F}} C B(u,v), thus establishing
Proposition For a more general result, see Proposition and Remark where the following
equality is shown:

B(p,v) ={FS =FfYU{F, =F YU{F, <F, <FI <FfYU{F; <F; <Ff<F[}. (4
We now apply Proposition to establish Point [2| of Proposition

Proof of Point|[g of Proposition [2.11] Assume m € Margp(u, ). For all n > 1 and ((%4, ¥i))ic[1,n] €
F" we have > " | |yi — @il = D0y — i = vy Yit1 — i < Doy [yit+1 — z5|. Hence F is cyclically
monotone. Since 7(F¢) = 0, 7 € €(u,v). Assume now 7 € €(u,v). Since Ff > FF, by Point |l of
Proposition for all x € R, 7(]z, +oo[x] — 00, z]) = 0. Since F¢ = U,¢q]r, +00[Xx]| — 00, r]|, we obtain
7(F¢) = 0. O

We have shown that F is a cyclically monotone set, and by a similar argument, F is also cyclically
monotone.
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Remark 2.17. When (u,v) € M;(R)2, Point [2| of Proposition seems to be well known. In this
case €(pu,v) = O(p,v) and its proof relies on the fact that, for all # € Marg(u,v), [|y — x| dr >

[y == dr(z,y)| = [y dv(y) — [= du(w).

As in the decomposition of Di Marino Louet, we begin by partitioning the real line according the
relative position of the cumulative distribution functions. Next, we define a set {(u, 1) pex+ U
{(y v ) ke U{(w=,v7)} of measure components of (u,v), and finally, we prove that

Cp,v) = | D ewivid) | e | @ el vi) | @™, v).
kek+ kek—

Naturally, when dealing with measures that have atoms, the approach of Di Marino and Louet must
be adapted First, for the decomposition of the real line, observe that {F j > F;f'} need not be open
in general, making it difficult to consider the connected components. More importantly, if we consider
the connected components of {F, j > F;f} and define the components of the marginal by restriction of
@ and v to the connected components, our decomposition would not be sufficiently fine. For instance,
consider p = Ty - L' + 201 and v = 20y3 99 - L1, Since {F| > F} =]0,2[, the set of component
would be {(u,v)}, which is associated to the equality €(u,v) = €(u,v). However, noting that 1 belongs
to {F,, = F, } C B(u,v), the reader may verify that €(u, ) can be decomposed as

Q:(:uvl/) = Q:(Mlvyl) S5 Q:(M27V2)7

where p11 = 1o - Ll = 201 /211 LY o =201 and vy = 211 9 L. This shows that the decomposition
of the real line obtained by taking the connected components of {F J > F} is not fine enough. The
following definition addresses this issue by considering the signs of both FJ — FEf and F, — F,, rather
than solely the sign of F, — Ff.

Definition 2.18 (Components of the real line). Consider (u,v) € M2.

1. Define BT = {F;r > Fj}ﬂ{FM_ >F 7} E = {FJ < Fj}ﬂ{Fﬂ_ <F;}and E==R\(ETNE").
Since F :[ —Ffand F, . — F, are left-continuous and right-continuous, respectively, the reader may
verify that £~ and ET are open, while E= is closed. Since ET and E~ are disjoint, (E™, E~, E7)
forms a disjoint covering of R.

2. Since ET and E~ are open sets, each admits a countable family of open connected component.
Let (Ja;, b Drexc+ and (Ja,, by [Jrex— denote the family of connected component of Et and E~,
respectively.

3. Let BlJr denote the set {a/,;F s ke IC+} of the left boundary points of connected components of ET.
Similarly, define B = {bf ; k€ K™}, B = {a; ; k€ K~} and By = {b; ; k€ K~}. Then,
we denote by B; = Bl+ UB/, B, = B U B;” and B = B; U B, the sets of left boundaries, right
boundaries and overall boundaries of the connected components of E* and E~, respectively. Since
these connected components form a countable family, B is countable. Moreover, note that B C E~=.
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Example 2.19. We introduce the following example, which will be referenced multiple times. Define

n= ]1[0,1] LY 46+ 1[172} LY 46y + ]1[273] LY+ 53+ 1[374} LY+ 64+ ]1[475] LY+ 65+ ]1[5,6] L1
VvV = ]l[%,l} . El + (51 + ]1[1’2] . £1 + 252 + %]1[2,3] . El + %53 + %]1[3’4} . El + 54 + ]1[4’5] . £1 + 55 + ]1[5,6} . [,1
(5)
Then, we obtain ET =]0,2[, £~ =|2,3[U]3,4[, and E= =] — 00,0] U{2,3} U [4, +oc[. Hence, the boundary
sets are given by B;” = {0},B, = {2,3},B}f = {2},B; = {3,4},B, = {0,2,3},B, = {2,4}, and
B =1{0,2,3,4}.

Remark 2.20. 1. Observe that the dependence of E*, E—, E=, a]i', b:: Bl+, B;, B}, B;, By, and
B, on (u,v) has been omitted here for clarity. We also write B instead of B(u,v) (see Definition
. In cases of ambiguity, we make the dependence explicit — for example by writing E*(u, )
instead of E.

2. Our decomposition is symmetric: reversing the transport from v to u conserves the component, up
to a sign change. More precisely, E*(u,v) = ET (v, u), E=(u,v) = E=(v, ), Bli(,u, v) = B (v, ),

3. Note that (B;", B, , Bf) and (B;", B;, BS) are two families of disjoint subsets of R. However, all
their nine pairwise intersection — namely B;" N B}, B’ N B, B N B, B; N B, ,B;" \ By, B \
B,,B} \ By, B, \ B; and Bf N B — can be non-empty in general. For example, in Example
vvehaveOEB+0Bc 2€B ﬁB+ 3€ B, NB;,and 4 € B, N Bf.

4. Note that B represents the set of boundaries of connected components of ET U E~, but does not
coincide with the topological boundary of that set. For instance, consider pu = Zn>0 #517 1 and
2n
v =1y - L', where the set ET(p,v) is given by Et(u,v) = Up>0]1 — 57,1 — 2n+1 . Therefore, 1
lies in the topological boundary of ET, but is not an element of B.

1
2n
5. The relative position of F; and F,/ is not prescribed in E*(u,v). For instance, in Example
1/2 € EY(u,v) N {F,; > F,\} whereas 1 € E*(u,v) N {F, < Ff}.
Lemma 2.21. Consider (u,v) € M2. Then, E=(p,v) C B(u,v).

Proof. We have E= = (E-UET)" = (E7)°N(EY) = [{F; > F, }U{FI > FF}n[{F, <F7}U{F5 <
F}}]. By applying Proposition it follows that E= C B. O

The inclusion B(u,v) C E= is also satisfied as we shall prove in Proposition In the general case,
the components of p and v cannot be defined solely by restriction to the connected components of ET,
E~ and E=. For instance, consider y = d_1 4+ 689 + 01 and v = d_3 + 26_o + 38y + d2 + 3. We have

E~ =] —3,0[ and E* =]0, 3] The reader may verify that that the mass at point 0 should split as follows:
(F, (1) = F, (1)) = 2 units of mass should go from 0 to to [2,0[, (F,/ (1) — F,f (1)) = 1 unit go from 0 to

10, 3] and 3 units of 0 does not move. The following definition of the marginal components accounts for the
possibility that mass at boundary points may be shared among a fixed part and mass moving to the left or
right; conversely boundary points can receive mass from the left and right. The amount of mass allocated
to each part is expressed using differences of the cumulative distribution functions, consistently with our
illustrative example. In the following definition and throughout the paper, when referring to intervals
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[a, b],]a, b] or [a, b], where a and b that may be infinite, we use the following convention: [—oo, z[=]— 00, z],
J, +00] =]z, +00[ for all z € R, and [—o0,+00] = R. For every v € M (R), we also set F:*(—o0) = 0
and F$(+oo) =1

o . . 2
Definition 2.22 (Components of the marginals). Consider (u,v) € M%.

1. For all k € KT, define ) = (Ff(af) — Fj(a?))&a: T et ] and vt = Vot st T (F, (b)) —
F,j(b:))éb:. Then, set put =3, s o and v =3, v 14

2. Forall k € K7, define pi = g j,— -+ (F (b)) — F (b)) 0, and v = (Fj(a,;)—F;j(a;))éa; +
Y ar b [ Then, set = = pcx—py, and v™ =3 o v

3. Define py = B geng=> V1T = V| geng=> M2 = ZmeB(y’(x) - M+($) — 1 (%))b, vy = erB(V<x) -
Y+ () — 1™ (2))Ben i = pi7 + iz and 1= = vi 4 V5.

4. Define Dic = {(y, , v ) Irec+ U {1y v ) dre— U (0=, 1)}

Example 2.23. In Example we have p = Lo, L6 +1p 9 LY v = L2 L6 +1p L
502, iy = L g LY vp = 50at5lp g L1 iy =L gy L vy = 503+50a, py = Dpag) L1405+ 1560 L1 =
VI, By =02+ 03+ 04 =v5, and p= =0y + 03+ 04 + Ly 5 - LY+ 55+ L5 - L' = v=. Figure [4]illustrates

how the mass of v at point 2 is allocated between 1/1+ , v~ and vy .

Remark 2.24. 1. As expected, the measures i and v coincide with sum of their respective compo-
nents. Indeed, for allz € B, p~ (z)+pu " (2)+p7 (2)+p5 () = pt (2)+p~ (2)+0+(u(z) — p~ (z) — pH(z)) =
p(x), which implies (= + pt 4+ pT + p3) | g = #|_g- Moreover,

Pge = PLpenp+ T HL_penp- T HLBenp=
=HlLp+ THRLE- T HLBenE=
=0 et U ge T 1T F0= (0 +pt +uT 1) | e

Therefore 1 = p* + p~ + pT + 17 = Yperct M2 + Doper— B + = Similarly, v = 3, v v +
Dkek- Vg TV
2. The symmetry between transport from p to v and transport from v to p still holds. According

to Point 2| of Remark (]a?, bF [) weicr 1s the family of connected components of E*(v,p). Tt
follows directly that, for each k € KT, the pair of marginal components associated to the component

Jaif o [is (vl i) -

3. Observe that {u,j}ke,ﬁ U{v,, }kex- forms a set of singular measures. However, ,u;: and p; can both

assign mass to a; . This happens precisely when b, = ar, Fj(az) > Ff(af) and F,; (b;) > F, (b))
Likewise, (,u:, yj’) and (,u:, (5 ) may not be pairs of singular measures.

4. The fixed part p~ of p splits into two singular measures p; and p5 , each requiring different math-
ematical treatments. The first part, puj, represents the mass of p that lies outside the closure of
any positive of negative component of the decomposition: We will later show that this mass is fixed
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Vi (2)
V= (2) = 1= (2)

v (2)

>

Figure 4: Splitting of point 2 in Example [2.19

by every optimal transport plan. The second part, p5 , is atomic and corresponds to the part mass
of 1 located at boundary points that is not allocated to any positive or negative component of our
decomposition. We explicitly compute p5 (z) in the next lemma and later prove that p5 measures
the amount of mass at boundary points that is fixed by every optimal transport. In the atomless
case, uy = 0 and E=(u,v) = {F,} = Ff}. Thus p~ = puy = KL (pt—r}y = H_p-- In the general
case, the equality u= = p|_p— does not hold.

Lemma 2.25. 1. The family
(BlerBr_*|—vBl+ ﬂBr_va ﬂBj_,Bf OB;’B;F\BT’Bf\BTaBj\Bl’B; \Bl)
s a family of disjoint set whose union is B.
2. The following inclusions are satisfied:
B c{F; >F}}
Bf C{F, > F;}
B C{Ff <Ff} (6)
B Cc{F, <F;} '

Br\BlC{FJ:Fj}
B\ B, C{F, =F,}
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3. For all x € B,

ph(a) =g (2)(F (z) — B} (2))

vi(e) = Ly (2)(F; (x) — F () (7
po () =g (2)(F, (x) — F, ()

v (2) = 1 (2)(Ff (x) — F,/ ()

4. We have py = vy =Y cp [min (Ff (z), F,F (z)) — max (F; (z), F; (x))] 6,

Proof. 1. Since (B;", B;, Bf) and (B, B, , BS) are two families of disjoint sets covering R, the family
F = (B nB,BNB;, B, NB}, B, NB;,B;"\ B,, B \ B, B\ B, By \ B, BN BE) is a family
of disjoint sets that cover R. Since the last element of F is Bf N Bf = (B; U B, )¢ = B¢ and all the
other terms are subsets of B,

B=BnNnR=Bn H+ Cc= Lﬂ BNC = @ C,
CeF CeF\{B¢} CeF\{B°c}

which proves Point

2. For all k € K, Ja)f, b [C EY C {F > F}. Since F;| and F,/ are right-continuous, we obtain
Ff(af) = i, o+ Ef(z) > ot qr Ff(z) = Ef(af), establishing the first inclusion.
The second, third and fourth inclusion are proved similarly. We now turn our attention to the fifth
inclusion. Consider x € B, \ B;. Since x € B, C E= C (E1)¢, if there exists ¢ > 0 such that
Jz,z 4+ e[C ET, we would have z € B;” C B;. Asz ¢ By, for all € > 0, we get |z,z + [N (ET)".
Thus, there exists a sequence (z)n>1 € [[,,1]@, #+1/n] such that, for all n > 1, F;/ (z,) < F, (zy)
or Ff (xn) < Ff (zn). Letting n go to +oo, we obtain F, (z) < F,f (z). Hence B\ B; C {F,} < F;[}
and the reader may verify that the proof of B, \ B; C {Ff > F;\} is similar, thus establishing the
fifth inclusion. The proof of the sixth inclusion is identical.

3. Forallw € B, p*(2) = Yyerer iy (2) = X Lyt (F(2) = BN (2) = Lt (F, (2) = B (2)).
The proofs of the three other inequalities is similar.

4. For all z € B, the values of u*(z) and p~ (x) can be determined using the partition described in
Point |1| and the expressions given in Equation . These computations are summarized in the two
first columns of Table |1} The computation of u3 (z) = p(z) — ut(z) — p~ () is then obtained by
subtracting the two first column to u(x) = F,f (x) — F,; (z). The corresponding result is presented in
the third column of Table|ll Based on the partition introduced in Point , and the expression from
Equation (6], the values of min(F," (x), F;7 (x)) and max(F, (z), F, (z)) are computed and shown
in Table [2 By subtracting the first column to the second, we recover the third column of Table
which proves that p5 (z) = p(z) — p*(2) — p~ (2) = min(F,; (z), F;f () — max(F, (z), F, (z)). The
proof of vy (z) = v(x) — v¥(z) — v~ (z) = min(F, (z), F;f (x)) — max(F, (), F, (z)) is similar.

O

Definition 2.26 (Components of elements of €(u,v)). Consider m € €(u, v).

1. For all k € KT, define A = [a}}, b [x]a}, b} and 7" = T at-
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x € - p () () p(z) — p~ () — p*(2)
B nBf 0 Fi(z) — Ff (2) Ef(z) - F, (2)
B nB; | F,(z) - F, (z) | F}(x) - Ff(x) v(z)

B N B 0 0 w(x)
B NB, | F, (z) - F, (v) 0 Ff(z) = F, ()
B\ B, 0 Fl(z) - Ff(2) Ff () — Fy (2)
B\ Br 0 0 p(x)
B\ B 0 0 w(z)
BB | B0 -F@ 0 FiG) - F, @)

T e - min(Flj(w), Ff(x)) max(F, (v), F,; (v))
BN B Ff(x) F, (x)
BN B, Ff (2) F, (2)
B N B;f Fj(m) F(x)
B NB; Flj'(x) E; (z)
B[\ B, Ef(z) F(2)
B\ By Fl(z) F (z)
B\ By Fl(z) Fy (z)
B\ B Fy(x) Fy (z)

Table 2: Computations of min(F,f (), F,f (z)) — max(F, (z), F, (z))

2. For all k € K, define A, =la, ,b, ] x [a; ,b, [ and 7, = T A

3. Define 7" = 7| gerp=yxrs T2 = TLpnsxr) 4 = (BN ET) xRIYDN (B xR)| and 7= =
T g= =71 + 7.

Remark 2.27. 1. Observe that the sets {A] }rcx+ U {4} trex- U {AT} are pairwise disjoint, which
implies that the corresponding components {m} },ex+ U{my trex— U{n™} forms a family of mutually
singular measures.

2. The inclusion or exclusion of boundary points when restricting m is crucial for ensuring 7r,;Ir €
Marg(p; 14" ): since p; is concentrated on [a)f,b/ [ and v;' on |af,bf], we must restrict = to
[a)f, b} [x]a, , bf]. For instance, if u = 26; +1p 9 LY+ 6y and v =6, +1p 9 LY+ 265, 11 admits two
components p = 01 + T LY, = = 81 + da, while v admits two components v;" = T g LY+ 5y
and v~ = J1 + d2. One may verify that, among the 16 possible combinations of boundary inclusion,

only the chosen convention yields a restriction of optimal transport plans that lies in Marg(,uz', 1/2')

3. Symmetry is also preserved at the level of cyclically monotone transport plans. Namely, by symmetry
of i : (z,y) — (y,x), the map iy : 7 € P(R?) — igm € P(R?) is a bijection from €(u,v) to
¢ (v, ). Moreover, there is a correspondence between the components of a plan 7 € €(u, ) and the
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components of ixm € €(v,u). More precisely, for all k& € KT, it follows from Point [2| of Remark
that ]a;, b/ [ is a component for E*(u,v) and a component for E~(v,p). Let ¢ : 7 €
C(p,v) — T et bt [xlaf b1 and ¢y : 7w € C(v, 1) — T at bt xlat b denote the functions mapping
every element of €(y,v) and €(v, p), respectively, to its component associated with Ja;, b;[. Then,
it is straightforward that ¢ = 14 o ¢y, 0 7. The same results holds for £ € K£~. For the two equal
components of the decomposition of (u,v) and (v, u), one can go from one to another by applying
i4. This is a consequence of the equalities E=(u,v) = E=(v, ) and B(u,v) = B(v, i) established
in Point 2 of Remark

The following lemma quantifies how mass splits at border points, specifying the amount of mass that
moves strictly to the left or strictly to the right. To quantify mass moving to the right, we use the disjoint
covering B = B; W B;" W (B, \ B)); for mass moving on the left we base our computations on the disjoint
covering B = B, W B W (B;\ By).

Lemma 2.28. Consider (p,v) € M%, 2 € R and 7 € €(u,v).
1. Ifx € B; U(B, \ By), then m({z}x]z,+oc[) = 0.
2. If v € B, m({z} <], +o0]) = Ff (x) — Ff (x).
3. Ifx € BX U(B,\ By), then m({x}x] — 00, z]) = 0.
4. If w € B, m({x}x] — o0, z[) = F, (x) — F (2).

Proof. The proofs of Points [3] and [f] are analogous to those of Points [I] and [2| and are therefore omitted.

1. Equation (), implies that B;” U (B, \ B;) C {F, < F,}. By Point [3 Proposition it follows
that 7(] — oo, ] x|z, +00[) = 0. In particular, 7({x} x|z, +oo[) = 0.

2. Since B;" C E=, Lemma implies B;" C B, so that m(] — 0o, z[x]z, +00[) = 0. Hence,

Flf(aj) =7(] — 00, z] X R)
= (] — 00,2]%) + m(] — o0, 2] x]z, +00])
= (] — 00, 2]?) + m(] — oo, 2[x] + oof) + 7({x} x]z, +o0])
= (] — 00, z]%) + m({z} xz, +ool).

Moreover, from Equation (6]), we have B, C {F;f > F;"}. By Point (1| of Proposition it follows
that 7(]a, 400[x] — 00, z]) = 0. Hence,

Therefore, F,f (z) — F;f (x) = n({z} x]z, +00]). O



We now establish that the marginals of the components of a cyclically monotone transport are the
components of our marginals. We then prove that a cyclically monotone transport plan equals the sum
of its components.

Proposition 2.29. Consider (p,v) € M% and 7 € €(p,v).

~

. For allk € K+, m € Marg(u, ).

2. For allk € K~, m, € Marg(u , v ).
3. Equalities 77 = (id,id)gpT = (id,id)gvT are satisfied.
4. Equalities 73 = (id,id)gpg = (id,id) 4y are satisfied.
5. Bquality m =Y pcxc+ T + Yoper— Tp + 7 is satisfied.

Proof. 1. For all t € R,

0 ift<a;
) ifte faf.bf]
FE (b)) = Ef(af) ift>b)

and
0 ift < aZ
(] — o0, t] x R) = m(la) t)x]af, bf])  ift€[af,b)]-
m(la) b [x]al, b)) if t > b
Since
{lime+ bt m(la), t)x]a), b)) = w([a), b [x]a;, b))
limy ey g B (8) = Ff(af) = F, (b)) — Ff(af) ’
if, for all t € [a)f, b7 [, w([af, t]x]a;, b)) = F;f (t) — Ff (af) holds, then the first marginal of m is
pi . For every t € [a), b},
m(la ) x]ai, b)) = w([ag, t]x]ay, +oo))
= p(la) . 1]) = ([a ] x] — 00, af])
= F(t) = F, (af)) — m({a; } ] — 00, a])
= F, () = F, () = (u(ay) — m({a] }x]ay, +oo)))
= F(t) — F) (ay),

where the first equality comes from b; € E= C B, the third equality comes from Point of

Proposition [2.15| (with = aZ) and Equation @, while the last equality comes from Point [2| of

Lemma [2.28] Therefore, pl#ﬂ,j = u,j, and a similar argument shows that pg#wlj = l/]j.

2. Same proof as for the previous point.
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3. We first show the inclusion spt(7)N(E= xR)N(BxR) C D. Assume for contradiction that there ex-
ists (z,y) € spt(m)N(E=xR)N(BxR) such that x # y. Since x € B, | min(z,y), max(z,y)[C E~ or
] min(z, y), max(z,y)[C ET is prohibited, which implies there exists z €] min(x, y), max(z,y)[NE~.
If x <y, z € E= C B implies 7(] — 00, z[X]z,+00[) = 0, and we have (z,y) €] — 00, z[x]z, +o0[. If
y <z, z € B C Bimplies 7(]z, +00[x] — 00, z][) = 0, and we have (z,y) €]z, +00[x]— 00, z[. In both
cases, this contradicts the fact that (x,y) € spt(w), thereby proving the inclusion. By construction,
the first marginal of 77" is uT and 0 < 77 (D¢) = 7([(B‘NE~)xR]ND¢) < 7(DND¢) = 0, which shows
the first identity. Observe that 77 = m(g=npe)x(E=nBe)- The proof of T Rx(E=-nBe) = (id, id) g

is similar. Therefore, (id,id)xp; = T (B=nBe)xR = TL(E=nBe)2 = T Rx(E=nB°) = (id,id)grr.

4. By definition, 75 = Y 5 7(%, )8 (4.4), S0 we have to show that, for all x € B, 7(z,x) = u5 (v) =
pu(x) — p=(x) — p*(x). We compute using the partition of Point |1 of Lemma together with
Lemma [2.28] More precisely, the two first point of Lemma [2.28] give the value of first column of
Table [3] while the two other points give the value of the second column of Table The final
column follows from the identity 7 (x,z) = pu(z) — 7({z} x|z, +00[) — 7({x}x] — 0o, z[). Since the
last columns of Table [1| and Table [3] are the same, this finishes the proof.

5. Define @ = > cjov T +Doper— T +7. Since {Af 5 k€ KTU{A, ; k€ K~ }U{A™}is aclass of
disjoint sets, we have 7 = T (U s A7 )U(Upere A7 JuA= < m. Furthermore, #(R?) = 3, _c+ 11 (R)+
€ S\

Srer— M (R) + 1= (R) = p(R) = n(R?). Thus, T = 7. O
ze- || m({z}x]z, +oo]) | m({x}x] — oo z) | m({x} x {x})
B NB! || Ff(z) - F(x) 0 Ff(z) - F, (z)
B 'NB; | Fi(z)—F;(z) | F, (x)—F, () v(z)
B N B;f 0 0 p(x)
B, N B, 0 Ey(x) = F (z) | Ff(x) = F (z)
BF\B, || Ff (o) - Ff @) 0 Fiw) — F, (x)
B\ B, 0 0 p(x)
B\ B 0 0 ()
B, \ B 0 R -FL® | Be-F @

Table 3: Values of 7 (z, )

Definition 2.30. We denote by <p: the usual partial order on R?: for all (x1,%1), (72,72) € R2
(1,11) <pe (w2,y2) if 21 < 29 and y; < yo. This order naturally extends to subsets of R? as fol-
lows: for all subsets A, B of R?, we write A <g2 B if for all (a,b) € A x B, a <g2 b. Let D9 denote the
set formed by the classes C of subsets of R? such that,

VA, BEC: A#B = A<p: Bor B <g: A.

The reader may think of O as the set ordered classes of subset of R?. However, we do not require
that classes C € OfR satisfy A <g2 A for every A € C.

Lemma 2.31. 1. Let A and B denote two cyclically monotone subsets of R2. If A <g> B, then AUB
s a cyclically monotone set.
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2. If T is a cyclically monotone set, then D UT is also a cyclically monotone set

Proof. 1. Consider n > 1 and ((zk,Yk))kepn] € (AUB)". Define Iy = {i € [1,n]; (x;,y:) € A}
and Ip = {i € [1,n] ; (z;,y;) € B\ A}. Observe that I4 W Ig = [1,n] and define k = #I4. Let

(Tys - T@))s (Bt1)s - Tm))s Yys -+ Yw))s and (Yg41)s - - -5 Y(n)) denote the families (2;)ier,
(xi)ierg, (Yi)ier,, and (Vi)icry, respectively, sorted in non-decreasing order. Since A <g: B, there
exists z € R such that A C] — o0, 2]? and B C [z, +oo[?. Thus ry <o Sz < < Tpq) <

. x(n) and y(l) < ... < y(k) <z < y(k+1) < .. y(n) Hence, (-T(l)’ N ,x(n)) and (y(l), Ce ,y(n))
correspond to the sequences (z1,...,x,) and (y1,...,Yn), respectively, sorted in non-decreasing
order. Since the monotone transport plan )" , O sy w(sy) from Y oi 0z, to Y1 0y, is optimal, we

have Z?:l |y(i) _x(i)’ < E?:l ’yi—l-l _xi" Moreover, as ((xi>yi))i€IA € A s ((xhyl))ZEIB € B" % and
(A, B) is a pair of cyclically monotone sets, we deduce that:

Z|yz_xz‘_Z|yz_$z|+2|yl_x2‘<2|y _xz)‘+ Z |yz)_xz)‘

1€l 4 i€lp i=k+1

Thus,
n n n
Dy =il < vy —w@l <D [wivr — @il
=1 =1 =1

Therefore, AU B is cyclically monotone.

2. Consider ((xz,yl))ze[[l n] € (DUT)™ and define I = {i € [1,n] ; (z;,y;) € T'}. For all i € I, set
o(i)=1inf{j >i; (z;,y) € F}ﬁ For every i € I and j € [i +1,0(i) — 1], (z;,y;) belongs to D. As
I" is cyclically monotone it follows that:

o(i)— o(i)—1
Z ‘yz $z| = Z |yz $z| < Z |y0'(2 xz‘ = Z Z Yj+1 — Zj < Z Z |yj+1 ‘7:]| - Z |yl+1 xl|
el el i€l | j=i i€l j=i
Thus, I' UD is cyclically monotone. O

Remark 2.32. Let (C;);ez be a family of ordered cyclically monotone set and define I' = DU (Uig Ci).
Then I' is a cyclically monotone set. Indeed, by induction on Point [1f of Lemma for any finite subset
J of I, Uje;C; is cyclically monotone. As every finite sequence of element of U;ezC; belongs to a such
set, U;ezC; is cyclically monotone. According to Point 2] of Lemma [2.31] I' is cyclically monotone.

To state the properties of our marginal decomposition, we introduce a reinforced version of the stochas-
tic order, due to Kellerer [I5, Definition 1.17].

Definition 2.33 (Largdﬂ reinforced stochastic order of Kellerer). Consider (y1,72) € M (R)? and define

{T+(71,72) ={teR; FEi(t) > 0and Fi(t) < (R)}
T_(71,72) = {teR; F (t) >0and F (t) < 12(R)}

SWhere we use the convention (Tn+;,Yn+j) = (T4, y;)-
9We added large to make a distinction between this order and a similar order — related to G instead of F — that will be
introduced later in the article (Definition [3.18). For the sake of fluidity, we omit the word large in the following.
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We say that 7 is smaller than 9 in the (large) reinforced stochastic order if v <g 2, T4 (71,72) C
{F} > F}, and T (y1,72) C {F;, > F.,}. In this case, we write 71 <p ’)/Q.H

Remark 2.34. 1. Intuitively, if 1 <g 72, then 77 <p 72 means that the relations F,;g > F;g and F; >
F, given by the stochastic order are strict “wherever possible”. Specifically, since T4 (y1,72)¢ C
{Ef = F), =0} U{F} = Ff = n(R)} and T (v1,72)° C {F;, = F;, = 0} U{F;, = F, = »2(R)},
it follows that {F. > F.f} C T (y1,72) and {F;, > F;,} C T_(71,72)). Thus, the relation 1 <p 72
precisely means that the inclusions {F.| > F'} C Ty (y1,72) and {F;, > F} C T (v1,72) are
actually equalities.

2. Observe that, for all v € MT(R), s, = inf({F; > 0}) and S, = sup({F;" < y(R)}).
3. To state this point, recall the notation Atom(y) (see Sub-subsection Point . By the previous
point of the Remark, if v; <y 79,

(8515 Sha [ if 84, € Atom(71) 18715 Syol if Sy, € Atom(r2)

|8+, , 55, [ otherwise 1841, S5, [ otherwise

T (v1,72) = { and T_(71,72) = {

(8)
The reader may verify that, if Fif > F.f, ]sy,S,[C ET(y1,72), s, ¢ Atom(yz), and S,, ¢
Atom(~y1), then v <p 7.

We now examine the properties of the marginal decomposition introduced in Definition 2.22] Specif-
ically, we establish that each pair is ordered in the reinforced stochastic order of Kellerer and that the
fixed parts coincide.

Proposition 2.35. Consider (u,v) € M.
1. The equalities (1 =3 cpc+ My + Dopeic— K + 1™ and v =3 v Vi + Y pex— Vi + v~ hold.
2. For allk € KT (resp. K™), pif <p v (resp. v, <p ;. ).
3. We have py = vy, iy =v5, and = =v".

Proof. 1. This result was established in Point [I] of Remark [2.24]

2. For all k € KT and t € R,

and

!0This notation, motivated by the associated Strassen-type theorem, is adopted from Kellerer [T5].
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which implies

FE(0) ~ F () = (B (0) = F(af ) + Ly (B (0) = B (0)
Fl}(t) - F;Ij(t) =1 +<t<b+(F_(t) - F, (1)
We have Ja)f, b [C ET and Equation (6) implies o] € {F,f > F}. From Equation (L1), it
follows that Flp > F+ Morever, for all ¢ €la;, b/, Fo(t) > F(t) > Ff(af) and Ff(t) <

k

Ef(t) < Fu_(b;r) By Equatlon and (9)), we respectively obtain that {F;:r > 0} =]a;", +00[ and
{F+ < 17 (R)}. By Point [2| of Remark [2.34] we get s P af and SV:? = b} and Equation
1mphes s, . S +[C E*(ut,v). Since ) (S, +) = V,j(s +) =0, by Pointof Remark [2.34] we get
Mk <r yk The proof of the inequality v, <F Hy, is snmlar

(11)

3. The Points [3] and [] of Proposition [2.29] establish that pi = v~ and p5 = v5. This shows that
W=y T py =V Ry =V
O

We now state and prove the decomposition result for cyclically monotone transport plans associated
with the marginal components introduced in Definition [2.22]

Theorem 2.36 (Decomposition of €(u,v)). Consider (u,v) € M%. We use the notation for marginal
components introduced in Deﬁm’tz’on and the notation (A )pexc+, (Af)kelc , A=) introduced in Def-

zmtzon 6. Define also B = [Trerc+ €, i) X [Teer- €lpg vy ) x €(p=,v7).
1. For allk € KT (resp. K=), pit <p v (resp. v, <g . ). Moreover, u= = v~

2. The map ¢ : P — €(u,v) defined by
90((771:r)kelc+7(771;)kelcﬂ77:) = Z 771:_ + Z T T

kekt kek—

: &(p,v) =P is given by

o (m) = ((WLAZF>1€€/C+ ' (WI—AE)ke/c— ’WI—A:> T (12)

Proof. The first point follows from Proposition [2.35] For the second point, we first establish that ¢
is indeed valued in €(u,v). Consider a family F := ((m )rexc+, (7}, Jpex—,7~) € B. By Point [1] of
Proposition T =) ekt 7T]—: + pex— Tp +7 is a transport plan from p to v. By Proposition 2.11
7 is concentrated on I'* = Upex+ (FNAS) UUpex— (FN A )UD. As F and F are cyclically monotone sets,
by Remark I'™* is a cyclically monotone set. Thus, 7* € €(u,v) and ¢ is indeed valued in €(u,v).
We now establish that ¢ is injective. Consider m € €(u,v) and F := (7 )peic+, (T Jrex—-7") € B
such that o(F) = w. Since 7= € €(u=,v~) = {(id id)gp=}, 7= = (id,id)xp~. In particular 7= is
concentrated on A=. For all k € KT (resp k € K™), m} (vesp. m; ) is concentrated on A; (resp. A; ). As
{A i ke IC*} U {A_ ke K™ } U {A=} is a class of disjoints set, for all k € KT,

TLat = Z?T;——FZ?T]-_—F?T: =

kek+ jeK— I_A:

is a bijection. Furthermore, its inverse ¢~
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Similarly, for all k € K7, 7,7 = m|_ A and 7= = mwg=. Therefore, F is equal to the second term of

Equation and ¢ is injective. We establish now that ¢ is surjective. Consider 7 € €(u,v) and let F
denote the right term of Equation (12)). From Points (1-4) of Proposition and Remark if follows
that F € B. By Point [5| of Proposition it follows that ¢(F) = mw. Therefore, ¢ is surjective and
Formula is satisfied. O

Using Notation [I.1] Point [2] gives the direct sum decomposition

)= P ew.vh|o| P euy,vp) | e v7)

keK+ kek—
S S (13)

= | P Margp(if,v) | ® | @ Marga(uy,,vy,) | @ {(id,id)gn}.
kek+ kek—

Remark 2.37. As previously noted, if Wi(u,v) < +oo, then €(u,v) = O(u,v). However, in case
Wi (p, v) = 400, one can not replace €(u,v) with O(u,v) in our statements. For instance, define

= k1 2%6,,{ + 00+ D k> 2%5,{
V=3 k> 2%5—19—2’“ + 60 + D 1 2%5k+2k

As ™= sy 2%5(_,67_,%2;9) +0(0,0) F 2_k>1 2%6(,67,%2;@) € Marg(u, v) is concentrated on (Fﬂ] — 00, 0]2> U
(F N[0, +00[?), by Lemma‘E 7 belongs to €(u, v). By Theorem|2.6, Wy (p,v) = J(7*) =237, -4 2%2’“—#
1 = +oo. In this example, the decomposition yields E*(u,v) =]0,4+oc[, E~(u,v) =] — o0,0[, and
E=(n,v) = {0}. Hence Mf = Zk21 2%51@, Vfr = Zk>1 Qlk Opioks By = Zkzl Qikd—kv VI =D k1 550k,
and = = v= = §y. Clearly p@v ¢ O(uf,v{) ® O(uy,vy) ® O(u=,v~), and Theorem does not
hold for O(u,v) instead of €(u,v).

Definition 2.38. We define the set of crossings as
C = {((z1,9), (¥2,92)) € R* x R? ; &1 <@y and o <1}

A crossing ((x1,y1), (z2,y2)) € C is said to be free if y; < z1 or zo < yo. Let Cy denote the set of free
crossing and define C; = C \ Cy. We define the transport plans avoiding non-free crossing as

Marg® (p, v) = {m € Marg(p,v) ; 30 € B(R?),n(I) =0 and I NCy =0} .

Remark 2.39. 1. For notational simplicity, we adopt a non-symmetrical definition of crossing, i.e., a
definition that does not include pairs ((x1,%1), (x2,%2)) € R? x R? such that 5 < z1 and y; < yo.
Had we chosen the symmetrical definition of C (and Cp, C4), we would have obtained the same set

Marg® (u, v).

2. Consider (z1,%1), (z2,v2) € R? with 21 < 2. Then ((1,91), (w2, y2)) € CS if and only if [y; — x| +
ly2 — za| < |y2 — x1| + |y1 — 22|. Therefore, Marg® (1, v) is the set of transport plan 7 concentrated
on a set I' satisfying the following condition:

V(z1,y1), (v2,92) € T, [y1 — 21| + |y2 — 22| < |y2 — 1] + [y1 — 22| (14)

As this condition is weaker than cyclical monotonicity, we have €(u, ) C Marg® (i, ).

27



>

1 T2 rr X2
—e——o > ® 7 >
371 52 > Z/=2 y=1 >

Figure 5: Free crossings (in green) and non-free crossings (in red).

Proposition 2.40. Consider (u,v) € M% and define ' = (U F N AU (Ukelcf Fn A;) U(A=ND).
Then
€(u, v) = Marg® (1, v) = Margp(u, v). (15)

Proof. We prove the inclusions €(u,v) ¢ Marg™ (p,v) € Margp(pu,v) C €(u,v). The first inclusion
corresponds to Point [2]of Remark [2.39] For the second inclusion, by Remark [2.16] the proof of Proposition
is only based on the fact that 7 is concentrated on a set satisfying Equation . By Point |2| of
Remark we may thus replace 7 € €(u,v) with 7 € Marg® (u,v) in the statement of Proposition
Since the proof of Theorem and its intermediate steps rely on Proposition [2.15] we may also
replace €(u, ) with the larger set Marg®* (i1, ) in the statement of Theorem @ Thus, every element
of Marg® (11, ) belongs to S perc+ Margp (i, 1) + 3 - Marga(py vy, ) + {(id,id)xn}. Therefore,
elements of Marg®+ (1, v) are concentrated on I', which proves the second inclusion. The third inclusion
is an immediate consequence of Remark [2.32] O

Remark 2.41. In the case of LP transport with p > 1, it is well known that a transport plan is optimal
if and only if there exists a set I" such that, for every (z,y), (#/,y) €T, ly—z|P + |y —2/|P < |y — 2'|P +
|y’ —x|P. The first equality of Proposition implies that this condition, sometimes referred as 2-cyclical
monotonicity [22], is also equivalent to cyclical monotonicity when p = 1. In case p < 1, the situation is
less clear: we refer the reader to [I4, Section 2.1] for a discussion on the geometric consequences of the
previous condition and to [I1, Part 2] for general informations about optimal transportation for concave
costs.

Remark 2.42 (The decomposition of Kellerer). In [I5, Proposition 1.20], Kellerer stated that if p <g v
and (u,v) is reduced in the sense of Kellerer, then

¢ (M kek+ € H Margp (ML[Q;Z,H,VL}G;,I,H) > Z me € Margp(u, v).
kekt kek+

is a bijection. However, by Proposition 2.11] and Remark [2.37, we know that Margp(u,v) = €(u,v).
Hence, this result is a particular case of Theorem [2.36] Observe that, in this case, n = p~ = 0, and the
issue of mass allocation at boundary points vanishes.
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2.3 Admissible decompositions and characterisation of barrier points

In the previous subsection, we established that €(u,v) can be written as sum of spaces €(v1,72), where
(71,72) € ./\/l%r This naturally raises the question of the existence of a better way to decompose €(u, V).
In the following, we provide a definition of admissible decomposition. Then, we give a way to compare ad-
missible decompositions, and claim that the decomposition Di (see Definition @D is the best admissible
decomposition. The proof of this result is left to the appendix (Theorem @

Definition 2.43. A set D C Mi of pairs of finite measures is said to be an admissible decomposition of
(11, v) if there exists a measure § € M4 (R) and a countable family ((u;,v;));c7 of non-equal pairs of M3
such that D = {(u;, vi) }iez U {(0,60)}, and the two following conditions are satisfied:

1. The set D induces a decomposition of €(u, ), that is,

e(u,v) = (@ ev(uz-,m) & {(id.id) 4}; (16)

1€T

2. The family (las,bi)icz := (Jmin(sy,, su,;), max(Sy,, Sy,;)[)icz is a family of disjoint sets, and 6 is
concentrated on Ujez]a;, b;[€.

We denote by A the set of admissible decompositions.

Example 2.44. 1. By Theorem Dy satisfies the first condition of Definition [2.43] Since the
second condition is obviously satisfied, D belongs to A.

2. Of course, Dy is not the only possible decomposition. Consider p = 1 3 LYand v = 2110,1/2)u3/2,2]U[3,7/2]°
L. According to Theorem we have
E(p,v) = €Ly - L1, 201919 - L) & C(Npy g - L1, 20 3/991 - L1) & E(Lg - L1, 203797 - L1)
= (Lo - L1, 2001 903/2.2) - £L1) @ €Lz - L1, 203 7/9 - L1).
As D = {(Ljg - L1 20101 /903/2,2) - £1)s (L3 - L1, 20 [57/9) - £1),(0,0)} also satisfies the second

condition, D is admissible. The reader may verify that D' := {(1jo1)u2,3 - £1,2]1[071/2]U[7/273} .
LY), (L9 - £, 203991 - £1),(0,0)} satisfies the first condition, but not the second.

We now define a way to compare admissible decompositions. Loosely speaking, D; is better than Dy
if Dy is obtained by decomposing Ds. More precisely, if D; is a better decomposition than Dy, every part
¢(u3,, v2,) of the decomposition of €(u, v) induced by Dy is a sum of parts of the decomposition of €(u, /)
induced by D; (and a measure concentrated on D).

Definition 2.45. Consider two admissible decompositions Dy = {(u;,,v})}ijez, U {(61,61)} and Dy =
{(13,,V2) Yirez, U{(02,02)} € A. We say that D is a finer decomposition than Dy if there exists a partition
(Jiy)izez, of 71 and a family (0;,)i,ez, of measures such that, for all ia € Zy:

€(:‘1’1227 VZZQ) = @ Q:(M%l, Vi11) S2) {(ida id)#eiQ}‘ (17)

11€Ji,

In this case, we write D; <4 Ds.
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Remark 2.46. If Dy X4 Dy, then p — 0y = Yz, ftiy = Yiper, Vo + Dieu, My = Yoiger, Pia +
Zil e “111 = ZizGZQ 0i, + 1 — 01. In particular, #2 > 61, meaning that D; provides more information
about the fixed parts of elements of €(u,v) than Ds.

We can now state our main result about admissible decompositions. The proof will be done in the

appendix (Theorem |C.17]).

Theorem 2.47. The relation <4 defines a partial order on A. Moreover, the poset (A, <4) admits a
minimum, which is given by Dy = {170 s U L v hnerc— U {7}

In other terms Dy is the best admissible decomposition.

Remark 2.48. 1. The definition of admissible decomposition involves implicit choices that we want

to discuss. Note that the condition associated to Equation is the minimum one should require

from a decomposition of (i, v) in the context of study of €(u,v). Precisely, if D = {(u;, v;) }iez is a
decomposition, one should have:

= D (i m). (18)

i€
We aim to show that Condition alone is insufficient to guarantee that the set of decompositions
admits a minimum. Indeed, if we only require Condition , then one can indefinitely split an
atom 41 1) in smaller parts to obtain a finer decomposition. This counterexample could be avoided,
if additionally to Condition , we require the existence of a family of disjoint set (4;);ez such
that, for all i € Z, elements of €(u;,v;) are concentrated on A;. The following example shows that
this condition is still not strong enough for our set of admissible decomposition to admit a minimum.
Let A" denote the set of decompositions D satisfying Condition , and for which there exists such
family (A;)iez. Now, define i = do, v = 1o - LY let D = {(,uz,yl)}zez be an element of A’, and

fix j € Z. If m; stands for the median of v;, then the pair (1/ v; 2) defined by V = ViLjom,] and

VJZ = Vi fm,/2,1] satisfies v; = 1/ + 1/ , le (R) = V?(R) = 1;(R)/2, and (1/],1/3) is a pair of singular

measure. Thus, D’ = {(271y;, J)} U {27y, J)} U {(/LZ,VZ)}ZGI\{]} belongs to A’, and we have
C(pj,v5) = {00 ® vj} = {0 ® 1/1} @ {d ® 1/2} = €27y, j) ® (27, J) Therefore D' < D,
which proves that (A’, <) does not admit a minimum.

2. In the appendix, the class of admissible decompositions shall be enlarged to a class A* by weakening
the second condition of Definition an analogue of Theorem will be established (see
Theorem [C.15]). For more details, we refer to the appendix (Definition and Remark Point

1).

3. By Remark and Theorem p~ represents the largest fixed part in any admissible decompo-
sition. The following example establishes that this information is not complete. Define u = dg + 261
and v = 201 + d2. The reader may verify that for all 7 € €(u,v), 7|, = 1,1y > 0 = (id, id)xp~.
In the appendix, we give a refinement of Theorem for which the associated decomposition Dj-
has a fixed part 7 satisfying (id,id)xn(A) = mingcg(,,,) (D N A). By relaxing the second condition
of Definition [2.43] we shall introduce a larger class of admissible decompositions A* and a richer
relation =< 4+ on A*, for which the minimum is not D but a refined version Dj.
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A key ingredient in proving that Dy is the minimum of (A, <4) is the equality E=(u,v) = B(u,v).
We already proved the inclusion E=(u,v) C B(u,v), and now aim to prove the reverse inclusion B(u,v) C
E=(u,v). If this inclusion were not satisfied, then Dx could not be the minimum of (A, < 4). Indeed, one
may verify that if there exists = E]ak , b [ that belongs to B(u, v), then QZ(,uk ) =C(pk o vhee(u, vl e
{(F () ()} where it = (15 i)~ (o >>6a¢+u Lot afs V= Vgt (B ()= Fy ()0
pz = (Ff(z) — Ff(2))0, + Mgt and v: = = VLot + (F, (b)) — _(b+))5b+ Therefore, if we define
0= ( ( ) F+( ))5(x,a:)7then D,:{(Mj s )}jEICJF\{]}U{(:ukka )}kGIC U{(Nm x)?(“?x’/g%)}u{(ﬂ:"i_
0, u= +9)} belongs to A and D' <4 D. The proof of the equality E=(u,v) = B(u, v) relies on the Strassen-
type theorem for the order <p (Definition , which involves the notion of strongly multiplicative
measure.

Definition 2.49 (Large strong multiplicativity). A measure 7 € M (R?) is said to be (largely) strongly
multiplicative if there exists 71,72 € M7 (R) such that ™ = (m1 ® 72) |_p-

For any pair (y1,72) defined on the same measurable space, we write 73 < 79 if 71 is absolutely
continuous with respect to ;. In this case, we denote by 7 d% -v2 = 1 the Radon-Nikodym derivative of
~1 with respect to v2. If 1 < 2 and 72 < 1, we say that 71 and 7y are equivalent and we write y; ~ vs.
We can now state the Strassen-type theorem of Kellerer associated to <p [15, Theorem 3.6].

Theorem 2.50 (Strassen-type theorem for <g). Consider (y1,72) € M4 (R)2. The relation v1 <p 7o
holds if and only if Marg(v1,72) contains a strongly multiplicative measure, i.e., there exists ny,1m2 €
M (R) such that

(m ®m2)|_p € Marg(y1,72)- (19)

In this case, Marg(vy1,72) contains exactly one strongly multiplicative measure. Moreover, one can assume
n ~ 1 and N2 ~ o in Equation .

We denote by Kr(v1,72) the unique strongly multiplicative measure in Marg(vy1,72) when 71 <p 72
and call it Kellerer transport plan. Note that Kg(v1,72) belongs to Margp(y1,72) = €(71,72). Our
decomposition allows us to extend the definition of Kellerer transport plans to measures that are not in
the reinforced large stochastic order.

Definition 2.51 (Generalized Kellerer transport plan). Set i : (z,y) € R? — (y,z) € R2. By Point [1] of

Theorem and Theorem the transport plan K(u, v) == 3" cxor Kl v )+ per— 14Kr(vy , iy )+
(id,id) gp~ is well defined. By Equation (13, K(x, v) belongs to €(u,v).

The following result is a characterization of barrier points in terms of cumulative distribution functions.
Its proof relies on the Strassen-type result of Kellerer for <g and our decomposition. We refer to Definition
for the definition of E=(u,v) and Definition for the definition of B(u,v).

Proposition 2.52. Consider (p,v) € M%. Then B(u,v) = E=(p,v).

Proof. According to Lemma [2 E= C B. It remains to prove B C E=. Suppose, to derive a
contradiction, that B N ET is non—empty. Then, there exists x € B and k € KT such that = €
la,bf[. Since K(p,v) € €(u,v) and z € B, we have K(u,v)(] — oo, z[x]z,+oc[) = 0. This im-
plies Kr(p),v;5)(] — oo, z[x]z, +00[) = 0. According to Theorem there exists two o-finite mea-
sures n1,m2 € MT(R) such that Kp(uy,v;) = (m @ m2) g 1 ~ m and v ~ . Hence, 0 =
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K (it 7)) — 00, 2[xJz, +00]) = (@ 1) p(] — 00, 2[xJz, +o0) = m(] — 00, 2], +oo]), which
forces either 7 (] — 0o, z[) = 0 or n2(]z, +o0[) = 0. Thus, 4 (] — 00, z[) = 0 or v (Jz, +00[) = 0. Moreover,
in the proof of Point [2| of Proposition [2.35], we established that }az, bﬁ[:]s}g, SVI: [. By Point |2/ of Remark
this is a contradiction. Hence, BN ET = (). Similarly, BN E~ = 0. Since R = E* W E~ W E~, we
get BC (EN)N(E™)"=E~. O

Remark 2.53. As E= = (ET)°U(E™7)° = ({F,f > Ffyn{F, > F,j})CLJ({F;r <Efyn{F; < E 1 =
{FF=FYulF, =F }Uu{F, <F, <F! <F/}U{F; <F; <Ff <Fl}, Equation () follows
from Proposition [2.52

3 Convergence of the solutions to the entropically regularized problem

Throughout this section, we fix a pair (u,v) € Mi of measures. Given a measurable space S and
(71,72) € M4(S)?, we denote by Ent(v1]v2) the entropy of v relatively to 72 defined by:

lo (dl)dld if v <
Eﬂt(’h”m):{fs A\ )y T2 B 02

400 otherwise

where we recall that y; < ~9 means that 7; is absolutely continuous with respect to v and % stands for
the Radon-Nykodim derivative of 71 with respect to 2. We recall the Ent(-|y2) is valued in? — 00, +00],
strictly convex on M (S) and lower semi-continuous. For all € > 0, let

Je : m € Marg(u, v) — / ly — z| dm(x,y) + eEnt(7|p @ v)
R2

denote the transport cost with regularization parameter ¢, and define

Wi(p,v) = WEMrglrigI%M ” Je ().

For all € > 0, there exists a notion analogue to cyclical monotonicity in the original optimal transport
problem. This notion was introduced by Bernton, Ghosal and Nutz in [5] for more general costs and
characterizes the solution of the minimization problem associated to J. when W< (u,v) < 4oc.

Definition 3.1. Consider € > 0 and 7 € Marg(u,v). The transport plan © € Marg(u, v) is said to be
e-cyclically invariant if there exists f : R? — [0, +-00[ such that 7 = f - u® v, and, for all ((x;, Yi))ie[1,n] €

(R?)",
- 1 - 1
HGXP <—€|% - 33z‘|> [ yi) = HGXP <_€|yi+1 - $i|> f(@is yiv),
i=1 i=1

where y,+1 stands for y;.

As shown by the same authors in [I2], Theorem 1.3], there exists a unique e-cyclically monotone
transport plan, even when W§ (i, v) = +00. Analogously to Theoremfor the classic transport problem,
they proved that it coincides with the unique minimizer of J. when W7 (u,v) is finite.

Theorem 3.2. Consider (u,v) € M2 and ¢ > 0.
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1. There exists a unique e-cyclically invariant transport plan from p to v. In the following, we denote
this measure by m. € Marg(u, v).

2. In case W< (u,v) is finite, then J. admits a unique minimizer, and this minimizer is equal to ..

We now study the behaviour of (7:)e~9 when € — 0%. This problem is related to the minimization of
Ent(-|u®v) among €(u, v). Indeed, in the case of measure with finite support, every optimal transport plan
has finite entropy, and by strict convexity of Ent(-|u ® v), there exists a unique minimizer of Ent(-|u ® v)
among &(p, v). In this case, it is well known that lim, ¢+ 7. = argmin ¢, ,)Ent(7[u®v). In the following
subsection, we verify that K(u,v) is a minimizer of Ent(-|u®v) among €(u, v) for every pair (u,v) € M2.
After, we establish that, if Wi (u,rv) < +00 and there exists a optimal transport plan with finite entropy,
then KC(p,v) = lim,_,o+ 7. Finally, we briefly discuss the convergence result of Di Marino and Louet.

3.1 K(u,v) minimizes Ent(-|y ® v) among &(u,v).

We begin by we expressing the relative entropy of a cyclically monotone transport plan as the sum of the
relative entropies of its components.

Proposition 3.3. Consider m € €(p,v) and define the family {m;" ; ke KT} U {m, ; ke K~} u{r~}
as i Definition |2.20. Then the entropy decomposes as

Ent(rlp®@v)= Y Ent(r|p@v)+ Y Ent(r |p®@v)+Ent(r~|pnewv). (20)
keKk+ kek—

Proof. According to Theorem we have T =), it ﬂ'lj + > kex- T + 7. Thus, 7 < p® v if and
only if

Vke KT, mf < p@v

Vke KM, mf <p@uv. (21)

T LUV
Thus, if 7 < p ® v is not satisfied, then both sides of Equation are equal to +00. Assume now
T < p®v is satisfied, so that Equation holds. Recall that for all k € K (resp. k € K7), 71'2— (resp. )
in concentrated on A; (resp. A; ), that 7= is concentrated on A=, and that {A; }rexc+ U{A; I U{A:}
is a family of disjoint sets. In particular, for all k € K*, 7 — 7} = D jek\(k} 7T;'_ + Zje,c_ 7T_ + 717 i

concentrated on LﬂjeK+\{k}A;r Wjex-A; WAT C (Az) Therefore, one can assume that ®’“ vanishes

on AZ‘. Thus, we have

dr dm;" dm — 7F dn;”
1 d+:/1 k4 ’f)d+:/1( k)d*. 22
/]Rz o8 (du@y) "k AF ©8 (du@v dp®@v "k R2 o8 dpy®v Tk (22)

Similarly, for all k € K=, fylog (525 dmy = fpalon (5) dmy, and fyslog (525) dn= =
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Jrez log (d%j) dr=. Finally,

Ent(n|p ® v) Z/RQ ( Wy) ++Z/log<

kek+ kex

Z/lo dmy d7r—|—2/10 ’: d7r+/lo LA R
R2 d,LL@ k R2 g k R2 g d,LL®I/

ket kek—
= Z Ent(m)} |p @ v) + Z Ent(m, |p® v) + Ent(7~ |p @ v). O
ket kek—

Now, to prove that K(u,r) minimizes Ent(-|u ® v) over €(u,v), it suffices to show that, for every
ke KT, K(u,v) Lar = K(pi,v;) is a minimizer of Ent(-|u ® v) over €(p,v) (and similarly if k£ € 7).
Before establishing this result in Proposition we state the following approximation result. For a proof,
we refer to [10, Lemma 5.1]

Lemma 3.4 ([I0], Lemma 5.1). Consider a measure 7 € M (R?) and two Borel functions a,b : R? —
R. For all n > 1, define ¢, : t € R +— max(—n,min(n,t)). If (a +b)— € L'(7), then [z on(a) +
on(b) dr — Jgza+0bdm.

The following result shows that for measures 61,603 € M (R) such that §; <p 62 (see Definition ,
the Kellerer transport plan (61, 62) (defined after Theorem[2.50)) minimizes Ent(-|6; ®6,) among cyclically
monotone transport plan. In fact the statement is more general: Kp(61,62) minimizes Ent(-|y; ® 2) for
every pair (71,72) € Mao(R)? satisfying §; < 1 and 6 < 7o. This has already been proven by Di Marino
and Louet in a more restricted conteXﬂEL but their proof holds in our more general setting. For ease of
reading and precaution, we reproduce their proof.

Proposition 3.5. Consider (y1,72) € M4 (R)? and 61,02 € M, (R) such that 6 < 71,02 < Y2 and
01 <g 0. Then
Kr(01,02) € argmin, cq(g, g,)Ent(m|y1 @ y2).

Proof. Consider m € €(01, 63). If 7 < v1®72 is not satisﬁed then Ent(m|y1®v2) = 400 > Ent(K (01, 02)|71®
~v2). We now assume 7 < 1 ® o2, and define 7, = Let v1,v5 € M3 (R) be such that v; < 6y,
vy K B and K(y1,72) = (1 ® v2)|_p. We have

d71 ®72

db, ® df1 ® 0y dyp ® o Tdo,  db, ) rf®g

d’C((gl,QQ) o d/C(Ql,QQ) d(91 ®92 o (]1 dl/1 dl/2> <d€1 d@g
dyr — dye

where f and g are defined by f = d—iﬁ and g = dfg. Now, define a = log(f) and b = log(g). For all
n > 1, we define a,, := ¢n(a) and b, := ¢,(b). The reader may verify that, for all (¢,t) € R x R4,
tlog(t) —te> —e“7L For all (z,y,n) € R? x N*, by applying this inequality with ¢ = an(x) + b, (y) + 1

UPprecisely, they ask for 41 and 72 to be compactly supported and atomless. Their optimal transport minimizing entropy
is not defined using the Strassen Theorem from Kellerer: in fact, they explicitly construct a strongly multiplicative transport
plan, which by the uniqueness part of Theorem [2.50} is the Kellerer transport plan. Their proof of the Lemma does not use
their specific construction, but only relies on the product form of the Kellerer transport plan.
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and t = m,(z,y), we get m,(z,y)log(my(z,y)) — m(z,y)(an(z) + bu(y) + 1) > —e®@+0nW) Thus, as
(61, 602) = Margp(61,02), for all n > 1:

Ent(r|y © 12) = /F me(, ) log(m (2, ) dy1 ® 12(2, y)
= /Ffr*(m, y) log(mu(z,y)) — me(2, y)(an(z) + bn(y) + 1) dy1 ® 72(z,y)
+ [ 7))+ buly) + 1) d @ )
F

> —/ @+ W) dyy @ yo(z, y) +/ (an(z) + bn(y) +1) dr(z,y)
F R2

=- /2 e W) dyy @ Yo (2, y) + /Q(an(w) + by (y) + 1) dKp (61, 02) (2, y),
R R
where we used that Kg(61,602) and 7 both belong to Marg(6;,602) to establish the last equality. Since for
all (z1,22) € R?, (¢n(21) + @n(22))4 < (21 + 20) 4, for all (z,y) € R?, 0 < e@n(®+bny) < elal@)+b@))+ <

max(1, f(2)g(y)) < 1+ f(2)g(y). As [ 1+ f(2)g(y) dy1 @72(,y) < (11 ®@72)(R?) +Kr (61, 62)(R?) < +oo
and the pointwise limits a = lim,,_, 1 @, and b = limy,_,4 - b, hold, by dominated convergence

F < Jr

As
/ (a(2)+b(y)) - dK(61,05) = / (F(2)9(v) Jog(f (2)9(1)))— d(m&m)(z,y) < / 1 dy1®7 = 711 ©72(R),
R2 F R2

Lemma applies. Thus,

[ @)+ bula) 00, 02)w) [ ala) + bl0) AR (61,02) o)

n—-+oo R2

Since [go a(z) + b(y) dr (61, 02)(z,y) = [plog(f(z)g(y)) dKr(61,02)(z,y) = Ent(Kr(61,72)|71 ® 72), by
gathering all our estimates together, we conclude Ent(m|y; ® v2) > —Kp(61,62)(R?) + Ent(Kg (61, 02)|71 ®
y2) + Kp(61,02)(R?) = Ent(Kp (01, 02)|71 ® v2), which proves the lemma. O

We now prove that IC(u, v) minimizes Ent(-|u ® v) among &(u, v).
Theorem 3.6. Consider (u,v) € M2 and define K(u,v) as in Definition . Then

Ent(K(u,v)|p@v) = Iél(ln )Ent(ﬂ],u V). (23)
TE s
Proof. Consider 7 € €(u,v), define F = (7} )pex+ (73 Jrex—. 7 ) using the notation in Definition M
and P as in Theorem [2.36] As F € B, by Proposition [3.3] and Proposition we obtain:

Ent(m|p @ v) Z Ent(m |p®@v) + Z Ent(7, | ® v) + Ent(7~ [ ® v)
ket kek—
> > Ent(K(ul,vd)ln@v)+ > Ent(K(u ,v)ln® v) + Ent(r=|p @ v)
ket ke~
= Ent(K(p, v)|p @ v). O
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3.2 Convergence of (7.).5 in two different settings.

In this part, we first prove that lim,_,q+ 7. = K(i,v) when Wi(p,v) < 400 and Ent(7|p ® v) < +oo.
Then, we briefly recall the result of Di Marino and Louet in the case of atomless marginals, when there
exists m € €(u,v) such that Ent(m — (id,id)xp~|p¢ ® v) is finite. In this case, under some additional
technical assumptions, Di Marino and Louet proved (using involved Gamma-convergence methods) that
(72)e>0 converges to K(p,v). In another part (Theorem (3.24))), we will prove a new convergence result.
This result is by no mean generalizing the two precedent result, but is a new case of convergence. Under
the hypotheses that non-equal components form pairs of mutually singular measures, we prove that
K(p,v) = lim,_,¢+ m.. Observe that we do not require the existence of an optimal transport plan with
finite entropy, nor — as in the case of Di Marino and Louet — the existence of a transport plan whose
non-fixed part has finite entropy.

3.2.1 Convergence under the existence of an optimal transport plan with finite entropy

In case of measures with finite support, it is well known that Ent(-|p ® v) admits a unique minimizer
7 among O(u,v), and that 7* = lim__,o+ 7. According to Theorem we immediately get K(u,v) =
lim,_,g+ .. We now extend this convergence result to a more general setting, namely when:

Wi(p,v) < 400 and 1@1(1f )Ent(7r|,u ®v) < +oo. (24)
meld(u,v

Note that under Condition (24]), Theorem ensures that €(u,v) = O(u,v). The proof follows a
similar path as the one in the finite support case (which can be found in the monograph [23 Proposition
4.1]), but an additional result is required to guarantee that cluster points of (m.).~o are elements of
&(p, v). This result has been proven in [5, Proposition 3.2] for any continuous cost function.

Proposition 3.7. Cluster points of (7:)eso at point 0% are cyclically monotone transport plans.
Theorem 3.8. Consider (p,v) € M2 and assume Condition holds. Then Kg(p,v) = lim,_,¢+ 7.

Proof. Let m* be a cluster point of (7;)s~0. By Proposition 7 € C(p,v). Fixe >0 and 7 € €(u,v).
As J(m:) + eEnt(m:|p @ p) = Jo(me) < Jo(m) = J(7) + eEnt(nw|p @ p) and J(7w) < J(7.), we get

eEnt(m.|p @ v) < J(m:) + eEnt(m:|p @ v) — J(7) < J(7) 4+ eEnt(7|p @ v) — J(7w) = eEnt(7|p @ v).

By lower semi-continuity of Ent(-|p ® v), we get Ent(7*|u ® v) < Ent(r|u ® v). Hence, 7* minimizes
Ent(-|s ® v) among €(y,v). By the strict convexity of Ent(r|y ® v) and Condition (24)), we know that
Ent(:|p¢ ® v) has a unique minimizer among optimal transport plans. By Theorem this minimizer is
K(u,v). Therefore m* = K(u,v). This establishes the convergence result. O

Observe that, when p and v have finite support, Condition is satisfied, so that K(u,v) =
lim,_,o+ 7. In case of atomic measure (not necessarily with finite support), Condition may be sat-
isfied or not. For instance, if for some atomic measure 6, we have y = v = 6, then €(u,v) = O(u,v) =
{(id,id) 40}, and Ent((id, id)#0|p®@v) = = 3_ c o0 0(2) log(0(x)). Thus, for 6 =3, -, n~26§, Condition
is satisfied, whereas for 6 =3 -,(n log(n)?)~16, Condition is not satisfied.
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3.2.2 The Di Marino—Louet case

In [10, Theorem 4.1], Di Marino and Louet proved the following convergence result of (7;)z>0.
Theorem 3.9. Assume p,v € P(R) satisfy the following conditions:
1. The measures p,v have compact support and satisfy Ent(u|Ll) < +oo and Ent(v|L') < +o0;

2. The set spt(u) N {Flj = Ff} has a Lebesgue-negligible boundary and the family (Jai, bi[)ier of
connected components of its interior satisfies:

b;
- 2/ log(min(z — a;, b; — x)) du(z) < 4005

i€l

3. mingeo(y,) Ent (”L{FJ:FJ}Cx{FJ:FJ}C’“ ® I/) < +o00.
Then lime_y 400 e = K (1, V).

Observe that the first assumption implies that p and v are atomless. We briefly give the idea of the
proof of this result to highlight the difference with our own convergence result (under different assumptions
on i and v, see Theorem . A classical method to establish the convergence of (7.)c>0 is to prove
that (Jz)e>0 converges to J in the sense of Gamma-convergence, which requires a technique called block
approximation. E Using a classical result on Gamma-convergence, we obtain that cluster points of (7 ):0
converge to minimizers of J, that is toward optimal transport plans. When O(u,v) is not a singleton,
this is not sufficient to prove that 7. converges. In this case, one can prove that the functional (H;):>0
defined by H. : m € Marg(u, v) — (J(m) — Wi(u,v)) + Ent(r|p ® v) T-converges to
Ent(rlp®@v) if me O(u,v)

H:7me Marg(u,v) —
8l v) {+oo otherwise

If there exists m € O(u, v) such that Ent(w|u ® v) if finite, this I'-convergence results proves that (7:)z>0
converges toward the unique minimizer of Ent(:|u ® v) among O(u,v). In the L' case, as H = 400 in
general, this ['-convergence result does not provide any information on the convergence of 7. The idea of Di
Marino and Louet is to consider the refined family of functional (F;).>o defined as F. = H.+log(2¢)u(D),
and prove that this family I'-converges toward the functional F' defined as

Ent (WL{FJ:FJ}CX{FJ':FJ'}C’N@ V) +Ent(ﬂ|_D’£1) if m e O(p,v) .

F : 7 e Marg(p,v) —
400 otherwise

The last hypothesis of Theorem is crucial, as it allows to go from the convergence of (F)c~( toward
F to the convergence of (m:)e>0. Next, they establish the existence of a strongly multiplicative transport
plan on each component [10, Proposition 5.1], which corresponds to Theorem for atomless measure
with compact support. They finally identify /C(u,v) as the minimizer of F' by applying Proposition

2For more information on Gamma-convergence, we e.g. refer to [7]. For more details on block approximation, we refer
the reader to [8].
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In their article Di Marino and Louet provide a necessary and sufficient condition to the third assumption

[10, Theorem 1.1], which is satisfied if and only if — f{F+#F+} log(|F,f (z) — F;f (x)]) du(x) is finite. This
,u v

condition is not always satisfied, for instance when u(dx) = Wl(m)?]h?? L£'(dz) and v is defined by the

relation F,(z) = F,(z) — 115>

3.3 Properties of cluster points of (7.).~0

In this section, we show that restriction of any cluster point of (7 )e>¢ to a product set included in F or F
is a product measure. This property, referred to as (large) weak multiplicativity, is a symmetrized version
of the notion of weak F-multiplicativity introduced by Kellerer [15, Definition 5.1]. First, let C be the

class {B1 X By ; (B1,B2) € B(R)?2, By x By CFor By x By C F} of product sets included in F or F.

Definition 3.10 (Large weak multiplicativity). A measure 7 € M (R?) is said to be (largely) weakly
multiplicative if, for all A € C, m|_, is a product measure.

Clearly, strongly multiplicative measure (see Definition are weakly multiplicative. The converse
is not true, as m = J(g,0) + 0(1,1) is weakly multiplicative without being strongly multiplicative. We begin
by showing that weak multiplicativity is preserved under weak convergence. Then, we use a structure
result on the measures 7. to prove that cluster points of m. at 0T are weakly multiplicative.

3.3.1 Stability of weak multiplicativity

The following characterization is straightforward and left to the reader.
Lemma 3.11. A measure 1 € M (R?) is a product measure if and only if m(R*)w = (p1y7) ® (P24T).

The following Lemma provides a useful characterization of weak multiplicativity. For every (a,b) € R?
such that b < a, we shall use the convention [a, b] = 0.

Proposition 3.12. Consider © € Marg(u,v) and let C' be the class of subsets of R? defined by
C' ={] — oo, t] x [t,+oo] ; t € R} U{[t, +o0[x] — 00,t] ; t € R}.
The following statements are equivalent:
1. 7 is weakly multiplicative;

2. The restriction of m to any element of C' is a product measure;

3. For all (z,y,t) € R3:
(] — 00, t] X [t, +oo])m(] — 00, t A x] X [t,y]) = 7(] — 00, t A x] X [t, +oo)m(] — o0, t] X [t,y]) (25)
and

7([t, +oo[x] — oo, t])m([t, z] X] — 00, t Ay]) = w([t, x| x] — oo, t])7([t, +oo[x] — o0, t Ay]).  (26)
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Proof. The equivalence between the first two statements was established by Kellerer in [I5, Theorem 5.2].
We now prove the equivalence between the second and the third statements. For every x € R, define
I, =] — 00, z], and let us fix t € R. According to Proposition T —o0,t] x [t,+-00[ 15 @ Product measure if
and only if

T)—oost] x [t 0o (RE) T —oo ] x [t 4+00] = (P1aT]—c0,t]x [t4-00]) @ (P24 T]— 00 ] x [t,+00[)

that is, for all (z,y) € R?,

T cout] [t 0o (RE) T —oo ¢ 00 (e X Ty) = (P17 — 00 g1 x[t,+00) © (P27 o0, x [t,100) Tz X Iy),

which means Equation holds. Similarly, 7 | o[x]-cc,s 15 @ product measure if and only if, for all
(z,y) € R% Equation is satisfied. The equivalence between the second and the third point is now
straightforward. O

To prove that weak multiplicativity is stable with respect to weak convergence, we shall prove that the
third formulation is stable with respect to weak convergence. This is achieved by applying a variant of
the Portmanteau theorem adapted to transport plans. For a proof, we refer to [6, Proposition/Notation
3.7].

Lemma 3.13. Consider (m,)n>1 € Marg(u,v)Y
equivalent:

and m € Marg(u,v). The following conditions are

1. (mp)n>1 weakly converges to m;

2. For every pair (11, I2) of intervals, my(I1 x Iy) ——— 7(I1 x I2).
n—-+o0o

We can now prove that the set of weakly multiplicative transport plans from p to v is closed under
weak convergence.

Proposition 3.14. Consider (m,)n>1 € Marg(u, v)N and m € Marg(u,v). If the measures (mp)n>1 are

weakly multiplicative and (7,)n>1 converges weakly to 7, then m is weakly multiplicative.

Proof. According to Proposition for all (x,y,t,n) € R3 x N*,
(] — 00, 2] X [t, +-00[)mn (] — 00, t A ] X [t,y]) = mn(] — 00,8 A ] X [t, +o0)mn(] — 00, t] < [t, y])
and
Tn([t, +00[x] = 00, t])mn ([t, 2] x] — 00, t Ay]) = ma([t, 2] ] = 00, t])mn([t, +-00[x] — 00, ¢ A y]).
By Lemma [3.13} we get
(] — o0, t Aa] x [t,y])m(] — o0, 1] x [t, +oo[) = m(] — 00, t Ax] x [t, +-00[)7(] — 00, t] x [t,y])

and
7([t, +oo[x] — oo, t])m([t, z] xX] — 00, t Ay]) = 7([t, z]x] — oo, t])7([t, +00[x] — 00, t A y]).

From Proposition [3.12] it follows that 7 is weakly multiplicative. O
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3.3.2 Weak multiplicativity of cluster points of (7.):>0

The following Lemma provides us with information on the global form of e-cyclically invariant transport
plans. Its proof is relatively straightforward and can be found in [20, Lemma 2.7] by taking R(dz,dy) =

exp(—ly — al/2)u(da)v(dy).

Lemma 3.15. Consider m € Marg(u,v) and € > 0. The following conditions are equivalent:
1. m is e-cyclically monotone;
2. There exists two measurable maps ¢ : R — R and ¢, : R — R such that

dm Cbs(l')"‘ws(y)_w_ﬂ)

du @ v

- (n®@v)(dz,dy) — a.s. .

(z,y) = exp <

Theorem 3.16. Consider (u,v) € Mi If ™ is a cluster point of (7:)e>0, then ™ is a weakly multi-
plicative measure. From Pmposz’tz’on it follows that cluster points of (7:)e>0 are weakly multiplicative
elements of €(u,v).

Proof. Consider t € R and € > 0. By Lemma there exists ¢. : R — R and 1. : R — R measurable

such that
¢s($) + Q;Z)E(y) -
€

me(de, dy) = exp ( v - 9”) (dz)(dy).

Thus, for every t € R,

1) ot [t 00[Te = (fip) © (f5v)
and

Lt 4 00[x]—00,t] e = (f?f#) ® (fi”)a
where the maps f}, fi, fi, fi : R — R are defined by

fg(x) = ]l[t,+oo[(l’) exp

o
—~
<
S~—
Il
=
=
+
3
—
s
@
>
o
7N
<
m
—~
m‘@
|
<
N~ N~

fi(y) = 1}—oo,t}(y) exXp <T/JE

L)
—~~
<
~—
_|_
<
N———

From Lemma|[3.12] it follows that 7. is weakly multiplicative. By Proposition every cluster point
of (mz)e>0 is weakly multiplicative. d
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3.4 Convergence of entropic minimizer when the marginal components are mutually
singular

To handle convergence in presence of mutually singular measures, we introduce the notions of strict
reinforced stochastic order, strict strong multiplicativity, and strict weak multiplicativity. The definition
of this notions and their relations are analogues, for the strict half-planes G = (x,y) € R? : y > x and G=
(z,y) € R? : y < z, to (large) reinforced stochastic order (Definition , (large) strong multiplicativity
(Definition [2.49), and (large) weak multiplicativity (Definition [3.10).

Definition 3.17 (Strict strong multiplicativity). A measure 7 € M, (R?) is called strictly strongly
multiplicative if there exists 71,72 € M7 (R) such that 7 = (m @ nm2) | -

We now introduce the order <, that will be related to strict strong multiplicativity by its associated
Strassen theorem in the following.

Definition 3.18 (Strict reinforced stochastic order). Consider (y1,72) € M4 (R)? and define
Te(y1,72) = {t €R; F (t) > 0 and F(t) < 72(R)}.

We say that v, is smaller than ~» in the reinforced strict stochastic order if Fw: > F;g and Ty (y1,72) C
{F., > F.}}. In this case, we write 71 <g 72@

Similarly to Theorem for the order <y, the following theorem from Kellerer [I5, Theorem 2.4]
provides a Strassen-type result for <g.

Theorem 3.19 (Strassen-type theorem for <g). Consider (y1,72) € My (R)2. The relation v1 <G 72
is satisfied if and only if Marg(y1,7v2) contains a stricly strongly multiplicative measure, i.e., there exists
n, 2 € ML(R) such that

(m ®m2) | o € Marg(v1,72). (27)

In this case, Marg(y1,v2) contains exactly one strictly strongly multiplicative measure.

We denote by Kg(v1,72) the unique strongly multiplicative measure in Marg(v1,y2) when v <g 2.
Similarly as for the definition of C (Definition [3.10)), let D denote the class

{31 % By ; (B1,Bs) € B(R)?, By x By C G or By X By C é}

of product sets included in G or G.

Definition 3.20 (Strict weak multiplicativity). A measure 7 € M, (R?) is said to be strictly weakly
multiplicative if, for all A € D, 7|_, is a product measure.

The following result states that for measures 71, 2 in the strict reinforced stochastic order, Kg (71, 72)
is the only weakly multiplicative measure in Margg(v1,72). There is no similar result for the analogue
large properties: when v; < 72, in general, Kr(y1,72) is not the only weakly multiplicative element of
Margp(y1,72). For the proof, we refer to [15, Proposition 4.3]

13This notation is motivated by the associated Strassen-type theorem.
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Lemma 3.21. Consider (y1,72) € M, (R)? such that v; <g 2. If 7 € Margg(v1,72) and 7 is weakly
multiplicative, then m = Kg(7v1,72)-

Proposition 3.22. Assume (v1,72) € M (R)? have no atoms in common and v1 < v2. Then, y1 <a Yo
and Kg(p,v) = Ka(p, v).

Proof. For all t € R, as ; and 72 have no atom in common, 7 (t) = 0 or y2(t) = 0. Therefor e,

Ff(t) e {F ()= F (1), F3, (t)—F5,(t)}, and the inequality F (£)—F.} (t) < min (Ff (t) — ( ) F
is an equality. As v <g 72, we get F (t) — Fi(t) = min (F;(t) — Ff(t), F; (t) — ( ) > 0

Furthermore, the sets T%(v1,72) (Definition [3.18)), T (71,72) and T,(fyl,yg) (Deﬁnltlon satisfy:
Ti(y1,72) € To(v1,72) N To(y1,72) CHAES > Fyn{F;, > F .} As {F, > Ff}n {F,Y*1 > Fo} =
{min (F“‘ F&;,F‘ — Fq;) > 0}, and, as we just saw, F.| — Fv—; = min (F;q — F‘*‘,FW_1 _F’y_z)’ we get
Ti(y1,72) C{F;, > Fg (t)}. Therefore, 71 <G 2. Now, as 71 <p 72, by Theorem there exists two
o-finite measures vy < 1 and vp < 72 such that Kp(u,v) = (11 ® v2) | p. As Atom(vy) N Atom(vp) C
Atom(y1) N Atom(y2) = 0 and Atom(ry) is countable, we have vo(Atom(r1)) = 0. Since z — 14 ({z}) is

null outside Atom(vy), we get

mem® = [ ([t @) )= [ nw) dem) =0

Thus, Kr(p,v) = (11 @v2)| ¢+ (1 ®12)| p = (11 ®1e)|_ belongs to Margg(v1,72) and is the restriction
of a product measure to G. This establishes Kr(7v1,72) = Ka(71,72)- O

Before stating that IC(u, v) = lim,_ ¢+ 7. when the components of non-equal pairs of D are singular,
we prove that two measures (v1,72) € /\/l%r forms a pair of singular measures if and only if there exists no
transport plan from 4 to 5 that fixes mass. To prove this equivalence, we shall use that two measures are
singular if and only if their common part is null. Let us recall the definition of common part of two measure.

For every (z,y) € R?, let x A y denote the minimum between x and y. Now, if we define hy = d('y?ﬁvz)
and hy = —~22 _ the common part 71 A2 between 41 and 7, is defined by v1 Aya = (h1 Ahg) - (71 +72)-

d(v1+72)

Proposition 3.23. For all 1,72 € M2, the following conditions are equivalent:
1. 1 Ay =0;
2. (v1,72) is a pair of singular measures;
3. For all m € €(y1,72), 7(D) = 0.

Proof. The equivalence between the two first points is classical and omitted. We just prove the implica-
tions (2) = (3) and (3) = (1), beginning with (2) = (3). Consider E such that v, (E) = y2(E°) =
0and m € €(v1,72). Asprum| p <71, P1aT| p =P24T| p <2 and D = [DN(E xR)|w[DN(E°NR)],
we have 0 < 7(D) = (pr1y7| p) (E) + (P17 p) (ES) < 1(E) +72(E€) =040 = 0. We now prove that
(3) = (1). To derive a contradiction, assume 3 Ay # 0. Then, consider my € €(y1 —v1AY2, Y2 —Y1AY2),
and define 7 = mo + (id,id) 471 A 2. By construction 7 € Marg(+1,72) and, from Point 2] of Lemma [2.31]
7 is cyclically monotone. Hence, m € €(71,72), and m(D) > [(id, id) 471 A ¥2](D) = (71 A y2)(R) > 0. This
is a contradiction, hence 3 = 1. ]
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Recall the notation for {(x, ;) brexc+ U {(1y,, v, ) trex— U {(¢=, #7)} introduced in Definition m
We now show that under the hypothesis,

Vk e KT uf Avi =0
SR (28)
Vk € K= g Avp =0
we have K(u,v) = lim,_,o+ m.. Note that Condition implies the following condition,
Vk € KT, Atom(u;) N Atom(v;) =0 (29)
Vk € K, Atom(u; ) N Atom(v;, ) =0’

which will allow us to apply Proposition [3.22 The assumption u A v = 0 is sufficient condition for
Assumption , but is not necessary. For instance, y = 01 + 03 + 04 and v = & + I3 + J5 satisfy
Assumption , but we do not have u A v = 0.

Theorem 3.24. Consider (u,v) € Mﬁ_ If Assumption is satisfied, then

— K(u,v).
Te ot (:UJ )

Proof. Consider a cluster point 7 of (7:)e>0. According to Theorem 7 is weakly multiplicative and
belongs to €(u,v). We now define F = (7 )rexc+, (7}, Jpex—» 7 ) using the notation in Definition
and P as in Theorem From this theorem, it follows that 7 € B and 7 = 3", ciov T + D perc— T +
(id,id)xp~. Fix k € KT. As Equation is satisfied and uﬁ < V,j, from Proposition it follows
that 4 <¢ v and Kp(u, ) = Ka(i; . v;"). Moreover, as Equation is satisfied and m € €(y, ),
by Proposition (D) = 0. As €(u;,v;") = Margp(u),v)}), 7 € Margg (i), v, ). Now, consider
(B1, Bz) € C. As 7 is weakly multiplicative, there exists v1,v2 € M*(R) such that 7_5 5 = (11 @ 1a).
Thus, 7 L BixBy = (]l[a;bz[wl) ® (]l]a:,b;r] -v3). Therefore 7;" is weakly multiplicative. As u;7 <¢ v} and
T € Margg (u, 1), mf = Ka(pd,vi) = Ke(p!,v;h). Similarly, for all k € K—, m, = ixKp(vy, pp).
Hence m =Y, v Ke(ud i) + Y peic— 14 Kr (v, 1y, ) + (id,id) g = = K(p, v). Therefore (m;)->0 admits
a unique cluster point w. As Marg(u, ) is compact, this establishes our result. O

A Refinement of the decomposition Dy

This appendix is devoted to a more thorough investigation of the optimality properties of decompositions.
Recall that in Point [3] of Remark we established that the measure ;= does not provide the maximum
information about fixed part by giving an example of a pair (u,r) such that the inequality

id,id)gpu=(A) < inf w(DNA
(i)™ ()< _inf =D OA)

may be strict for some A € B(R?). In the following, we refine our decomposition Dx to provide a
decomposition, denoted Dy with a fixed part 7 satisfying

(id,id)gn(A) = inf (DN A). (30)
TEC(p,v)

In this section we define Dy and prove its associated decomposition result. The proof that its fixed
part satisfies Equality will be given later in the appendix (Lemma|B.4]). The following Lemma is the
key ingredient of the refinement.
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Lemma A.1. Consider (y1,72) € /\/li such that v1 <gt 2. The set {Fv‘; > F’Y_l} s countable, which
ensures that A := er{FJ SF }(F;g (z) — F,, ()0 is well defined.
2 1
1. The pair (y1 — A, y2 — A) belongs to M (R)? and Fo =z F;;_)\. Additionally, if v1 < 72, then
71— A<F 72— A

2. The map 0 : €(y1 — A\, y2 — \) — €(y1,72) defined by O(7) = 7 + (id,id) g\ is invertible and its
inverse 6 : €(y1,72) = €(y1 — A, y2 — A) is given by O(m) = m — (id, id) % A.

Proof. 1f x € {F;, > F}, then F} (x) > F) (x) > F;, (). Therefore {F,} > F_ } is a subset of the
countable set Atom(y;) = {x € R; y1(x) > 0} and is countable. We now prove our claims.

1. For all z € R, we have A(z) < Ff () — F (z) < Ff (2) — F;,(z) = 7i(x) and Mz) < Ff (z) —
F (z) < Ffi(x) — F,(z) = 72(x). Therefore, (11 — A,72 — A) € M (R)?. We now establish that

7 Y
Fo_\ > Ff_,, thatis, ) +A(-) > Fjf. If o € {F] > Ff}, then Fj () + Xz) > Ejf;(2) +0 =

= = 2

Ff (), while if x € {F;, < El}, Fy () + Mx) = F (x) + (F (z) — Fy, () = Ff(x) > Ff (2).

2 T Y1
Hence, F_ |, > F;;_/\. Assume now vy, <p 7. As F©X , — F+t = F;q — FF we get {F;; >

Y1—A Yo—A V2

) = {Fwt—A > F;;_/\}. Moreover, for all t € T (y1 — A,y2 — ), Ff(t) > F,;g_)\(t) > 0 and
Fh(t) < th_A(t) +AR) < (72 = N (R) + A(R) = 72(R). Therefore, T4 (y1 — A\, v2 — A) C T4 (71, 72).
As v <p 2, we get T (1 — A\y2 — A) C T4 (71,72) C {Fﬁ > Fl} = {Fjl_)\ > F;;_/\}. Similarly,

T_(m—=X7v2—A) C{F,,_,>F,_,}, which proves the first point.

2. Since 71 <gt Y2 and v — A <g Y2 — A, from Proposition it follows that €(y; — A\, 72 — A) =
Margp(y1 — A, v2 — A) and €(v1,72) = Margp(v1,72). Therefore, 0 is indeed valued in €(7y1,72).
To prove that € is indeed valued in €(y; — ;72 — A), the main part is to prove that it is val-
ued in M (R?). Consider 7 € €(v1,72) = Margp(v1,72). For all z € R, yi(z) = n({z} x
[z, +00[) = m(x, x)+7({x}x]x, +o0]) and vi (|z, +00[) = 7(]x, +00[x]x, +00[), which implies 72 (R)—
F () = 920, +00[) = 7(Rx]a, +00]) > m({z} x|, +00]) +(jz, +00[X], +00[) = 1 (x)—7(z, 2)+
7z, +00[) = 11(R) — F () — w(x,x). Since 11(R) = ~v2(R), this inequality implies w(z,z) >

71

Ff(x) = F (x) > AM(®). Therefore, 7 — (id,id)x\ € M (R?). From Remark it follows that

m— (id,id) X € €(y1 — A, 72 — A). The identities 0 o 0= idg(y, —aye—n) and fob = idg(y, y,) follow
directly, thereby establishing our point. O

We now define the components of our refined decomposition Dy.
Definition A.2 (Refined marginal components). Consider (u,v) € M2.
1. For all k € KT, define n;” = er]a;bmm{F;>Fi}(Fj(x) — F(2))0, and i = pf —nf. Set
it = D kek+ ﬂlj:_
2. For all k € K, define 7, = er}a;,b;[ﬁ{FJ>F;}(FJ(w) — F;(2))0, and i, = p, — . Set
™= kex— Py -
3. Define 1=y~ + Ypeier My + Lk Mo =V~ + Lperct I+ Lker T

4. Define D} = { (i, v ) hrercs U (i 7 ) nerc— U{(mm)}-
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Example A.3. In Example we have ﬂf = ,ui" — %51, Uf‘ = yf — %51, [y = [y, V] =UL, flg = [,
|
vy =Vy, N = + 3501
Observe that the sum of the refined components reconstructs the original measure: ), i+ [Lz +

Poke- Ag + 1 = X My~ M+ Dke M — M BT Dhert i T Lk Mo = Lkert i+
Spe— K+ p~ = p.o Similarly, >+ 7 + Yopex- ¥ + 1 = v. While it is not obvious that our
components are positive measures, this will be verified in the proof of Theorem [A.4 This Theorem
establishes an analogue of Theorem for the refined decomposition Dy- by applying Lemma to
every non-equal pair of D.

Theorem A.4 (Refined decomposition of €(u,v)). Consider (u,v) € M2. We use the notation intro-
duced in Deﬁm’tz’on and define B = [Texer €L 75) X [ier— €y 75, ) X €(n,n).

1. For allk € KT (resp. K), it <p 75 and Fl;r > F' (resp. 0, <p fi; and F_ > Fl;[)
k Vi Yk k

2. The map 95 : er]CvL Q:(ﬂ;’ ﬂ]j) X Hk;EIC* Q:(ﬂlza 17];) X 6(77777) - Q:(lu’7 V) deﬁned by
ST kerct Ry Jwex— 7 ) = Z T+ Z T AR
kek+ kek—

is a bijection. Furthermore, its inverse ¢~"

&(n,n) is given by

67 m) = ((riay — Gdid)pnl) (7 — Gdidyn; ) L Gdid)gn).  (3D)

€, v) = [pers €O 730) X Tperc— €l 7 ) X

Proof. 1. Consider k € K and let ;" = ZTF++ (2)>F ", () (Fj+ () — F:Jr (x)) d; denote the measure
Ty i k k
A of Lemmal|A.1|with (v1,72) = (u;, v} ). By Equations (9] and (10)), F:Cr —FM_Jr = ]l]a; b;[(Fj—Fu_).
k k ’
Hence, {F:r+ > F:,} =la}, bl N{ES > F} and i = mt. Since fij = pf —nt = pf — 7 and
k k

vh =y —nt =yt — i, it follows from Point (1] of Lemma IH that (&), 7) € My (R)? and
Fﬁ} > F7.. From Point [1| of Theorem [2.36| and Point [1| of Lemma [A.1} /]2' <r ﬁ;‘. The proof is
k

Vi

similar for k € K.
2. Define B and ¢ as in the proof of Theorem Let 6 : B — P denote the map defined by
0 ((ﬂ]—c’—)kEK+7 (ﬂ]:)kGIC*?W:) = ((W]—: + (1d7 id)#n;)k€l€+7 (7rk_ + (lda id)#nk_)kGIC*7 <1d7 ld)#M:)

and 0 : P — B the map defined by

é ((ﬁ-l:_)kEICJ” (ﬁk_)kelevﬁ':) = ((ﬁ-lj - (id7 id)#nlj)kelC*? (ﬁk_ - (ida id)#nk_)kGIC*7 (id7 id)#T]) .
From Proposition it follows that 6 and 6 are indeed respectively valued in ‘iﬁ? and B. Furthermore
000 =idg and 6 0 6 = idy. Therefore, 0 is a bijection. As n = p~ + Srerct e+ D pex— Me—
we have ¢ = ¢ o §. From Theorem ¢ is a bijection. As ~' = 0o !, from Equation ,
Equation follows.

O
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Theorem states that €(y, v) is the direct sum of {€(ii;, 7 ) e+ U{C(ay , 74 ) beerc— U{€(n,n)},
which expresses as

Cuwv)=| P @ . v | o | P <y, ) | ®emn
kek+ kexK—
(32)
= | P Marge(iif, 7)) | © | €D Maregp(iiy,, 7)) | @ {(id,id)n}.
kek+ keK—

B Fixed part of €(u,v) and minimal concentration squares.

B.1 Fixed part of &€(u,v)

In this section, we show that Equality holds for the fixed part of Dy. First, we need a result of
Kellerer that gives a necessary and sufficient condition for the existence of a transport plan with mass
strictly going forward. To this end, we introduce the notion of reduced measures (in the sense of Kellerer)
[15, Definition 1.7].

Definition B.1 (Reduced measures). A pair (y1,72) € M4 (R)? such that v; <g 72 is said to be reduced
if n({F,) = FEL}) =%({F, =F,}) =0

Remark B.2. If v; <y 72, one may verify that (vi,72) is reduced if and only if v1(S5,,) = 72(s,,) = 0.

The following result provides a necessary and sufficient condition for the existence of an optimal
transport plan concentrated on G = {(iL‘, y) € R?: x < y} For a proof, we refer to [15, Proposition 1.12].

Proposition B.3. Consider (v1,72) € ./\/li Then, the following conditions are equivalent:
1. F > Ff and (v1,72) is reduced.

2. Margg(v1,72) # 0.
Lemma B.4. Consider (u,v) € M%. Define {fi; ; ke KT} U {fi; ; k€ K~} U{n} as in Defini-
tion and let B and @ be defined as in Theorem . Now, define & = []cc+ MargG(ﬂﬁ,ﬁJ) X
HkEIC— Margé(ﬂlzv ﬂk_) X {(ldvld)#n} and Q:(,Ua l/) Lp =1"Lp: TE Q:(,Ua l/)}

1. The set & is non-empty, and, for all G € &, ¢(G)| p = (id,id)xn.

2. The set €(u,v)| p admits a minimum with respect to <, which is given by the measure (id,id)xn.
In particular, for all A € B(R?),

id,id)un(A) = inf w(DNA).
(id.id)gm(4) = _inf (D)

Proof. 1. According to Point [1| of Proposition [A.4] for all k € KT, F[} > F;; . Moreover, since
k k
7t (af) = it (b)) = 0, Remark ensures that (i, 7;) is reduced. By Proposition for all
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k € KT, the set MargG(ﬂ;,ﬁ;) is non-empty. Similarly, for all & € K~, Margs (/i , 7, ) in non-
empty. Therefore, & is non-empty. Moreover, for all G = (7} )rexc+, (7} Drex— (id,id) gn) € &, we
have 3(G) | p = (Cgexc+ T + Lper T + (dyid)pn) Lp = Ygercr 0+ Lpere- 0+ (id,id)pn p =
(id,id)4n, which establishes our point.

2. By Theorem |A.4} $(B) = &(u,v). Hence $(&) C ¢(P) = &€(p,v), and from the previous point, it
follows that (id,id)xn € €(u,v)|_p. As for all F = (7] )rexc+, (7f Drex—, (id,id) gn) € B, we have
S(F) L p =D ket @) Lp + Xwer- (@r ) Lp + (id,id)xn|_ > (id,id)xn, the measure (id, id)xn is
a minimum of &(u,v)| . The final equation follows directly.

O

Notation B.5. Given (v1,72) € M3, we denote by H(v1,72) € M4 (R?) the minimum of €(y1,72)| p
with respect to <. Define n(y1,72) = pl#H('yl,ny).

Remark B.6. 1. By Lemma n = 0 if and only if there exists m € €(u,v) such that 7(D) = 0.
Observe that this does not imply that 7(D) = 0 for every = € €(u,v). For instance, if p = §; + da,
v =02+ 03 and ™ = 1 3 + 2.2, we have n(p,v) =0, 7 € &(p,v) and (D) > 0.

2. By the previous point and Point 1| of Lemma for all k € KT (resp. k € K7), n(ii 7)) =0
(resp. n(jig. 7;) = 0).
According to Lemma|B.4] for ) defined as in Definition[A.2] we have H(u,v) = (id, id) 1 and n(p, v) =

n. Thus, for all B € B(R), n(u,v)(B) is the minimal amount of mass of B fixed by any element in €(u, v).
As an application, the minimal amount 7n(R) of mass fixed by a transport plan is given by the expression

U}(IR) = (R) + X percr M (R) + D pexc- Mp (R) = p(R) — pt(R) — = (R) + X pexct Mh (R) + Dpcic— 1y (R),
that is,

nR) =pu@®) = > (F, (6 = Ffa)) = Y. (F () = F(a))

keK+ kek— (33)
+ > (F,f (z) — F, () + > (F)f (z) — F, (2)) -
se{Ff>Ff>F,>F} se{F}>Ff>F; >F;}

B.2 Minimal concentration squares

In this part we aim to characterize the regions where non-fixed parts of elements of €(u,v) are concen-
trated, that is, where elements of €(u — n(u,v),v — n(p,v)) are concentrated. Define

SQ ={I xI; Iis a closed interval with positive length} .
Definition B.7. Consider (u,v) € M?2. We use the notation OR introduced in Definition m
1. We denote by O0R(u,v) all the classes C belonging to OR such that

e CCSQ
e Every element of €(u — n(p,v),v —n(p,v)) is concentrated on UcecC.
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2. For every classes C,C’ of subset of R?, we write C < C’ if C is finer than C’, i.e.,

VO ecC,3C" ec',C c .

Remark B.8. As an exercise, the reader may verify that (DR (u,v), <) forms a partially ordered set.

In the following, for every set A C R?, we denote by cl(A) the closure of A. For every set C =1 x I €
S§Q, we define Cy, = C'\ {(inf I,inf I), (sup I,sup I)}.

Proposition B.9. Define C = {cl(A;:) i ke IC*} U {CI(A;) s ke IC*}. Then C € DR, C C SQ,
and every element of €(u — n,v —n) is concentrated on UcecCyx. In particular, C belongs to OR(u,v).
Furthermore, C is the minimum of (OR(u,v), <).

Proof. The fact that C belongs to O and the inclusion C C SQ are straightforward. Moreover, by
Theorem every element of €(p —n,v —n) is concentrated on (Uyce+ A7) U (Uper- Ay ) € UceeCh.
Suppose, to derive a contradiction, that there exists C' € O9R(u, v) such that C < C’ is not satisfied. Then,
there exists C' € C such that, for all C" € C', C ¢ C’. Let (a,a) denote the lower-left corner of C' and (b, b)
its upper-right corner. Since for any m € €(u—mn,v—n), T(Ucrec:CxNC") = w(Cy) > 0, there exists C' € C’
with lower-left corner (z,z) and upper-right corner (y,y) such that C, N C” # (). This implies 2 < b and
a <y.If z < aand b < y happens simultaneously, then C C C’. Hence, either a < x or y < b. Assume for
instance a < x and note that C(z) = (] — o0, z[x ]z, +00[) U(Jz, +00[x] —00, z[) = (] — 00, z]? U [z, +00[})“.
As C € OR, for all C"” € ', we have C" = C" or C" <pz C" or C' <p2 C". If C" <p2 C’, then
C" C] — o0,2]? C C(x)¢, while if C” = C" or C' <g2 C", then C" C [z, +00[2C C(z)¢. Thus, C(z) C
(Ugreer C")°. Therefore, for all m € €(u,v), 7(C(z)) = (7 — (id,id) xn)(C(z)) + (id, id)zn(C(z)) = 0.
Hence, x € B, and by Proposition x belongs to E=. As x €]a,b[C ET C (E7)°, this yields a
contradiction. Similarly, y < b leads to a contradiction. Therefore C < C'. 0

Definition B.10. For every (v1,v2) € M2, denote by C(71,72) the minimum of O0R(71,v2) with respect
to <. According to Proposition this minimum exists and every element of €(v3 — n(y1,72),72 —

n(71,72)) is concentrated on UC’EC(M,’YQ) C.

C The ordered set of admissible decompositions

In Subsection we introduced a preliminary definition of admissible decomposition (Definition |C.2)): in
this section, we present an alternative definition, which extends the previous class of admissible decom-
positions to a new one, denoted by A*. Next, we introduce a relation < 4« on A* to compare the fineness
of admissible decompositions (Definition . Finally, we show that <4« is an order on A*, and Dy is
the minimum element of A4* with respect to <4+ (Theorem .

Notation C.1. Given a family D = ((,14));ezr C (M32)F of pairs of measures, let Z= denote the set
{i€Z; p;=v;}. For all i € Z, define H; = H(u;,v;) and n; = n(u;,v;) (see Definition . For all
i € T\ I=, define C; = C(pi,v;) (see Definition , A" = Ugee, C and AL = pee, Cx (see the notation
before Proposition .

Note that, for every v € M (R), one has n(~,v) = 7. Therefore, i € Z= if and only if p; = v; = ;.
We now introduce the notion of admissible decomposition. In summary, an such decomposition must
satisfy the following two requirements:
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e It must induce a decomposition of €(u,v), see Equation ;

e For all i € 7\ Z=, the measures p; — n; and v; — n;, © € Z\ Z= must be supported on unions of
intervals that pairwise, possibly overlapping only a (see Equation )

Definition C.2 (Admissible decompositions). We say that D = ((u;,v5))iez C M2 is an admissible
decomposition of (u,v) if the following two conditions hold:

V€ Q(M? V)v El(ﬂ—i)iEI € H C(:U"La Vi)? ™= Zﬂ-’i; (34)
€T i€
e There exist index sets (J;);ez\z= and corresponding families ((al, b ))jes; € (R x R)” with af < bg

1771

such that, for all ¢ € Z\ Z~, p; — 1; and v; — 1; are concentrated on (J,c ;. [a], b]], and

V(i1 i2) € (Z\T7)2V(j1,j2) € Jiy % Jiy : (i1, 51) # (i, jo) == (0> < al' or b <af?).  (35)

We denote by A* the set of admissible decompositions.

Notation C.3. When considering multiple decompositions Dy, Da, we write Dy = {(1F, v¥)}iez, instead
of D = {(p;,v;) }iez and n¥ instead of 7;.

Remark C.4. 1. Unlike in Definition [2.43] an admissible decomposition may include several pairs of
the form (n,7), and a pair (n,7n) can appear multiple times in the decomposition. Observe that
Requirement states that €(u,v) C > ;7 €14, v;) (see Notation : this is weaker than the
first Requirement of Definition [2.43] In fact, we will prove that both requirements are equiva-
lent provided that Equation holds (see Remark Point . Also note that if the family
(J min(sy;—p;» Sv;—n, ), MaX(Sy,; —n;» Svi—n; ) [ier\z= consists of disjoint sets, Requirement is satis-
fied: take J; = {1}, a} = min(sy,—y,, Sv;,—y;) and b; = max(Sy,—n,, Sv,—n,)- In particular, this shows

S

that the second requirement in Definition implies Requirement (37). Thus, we have A* C A.

2. We now present two equivalent formulations of Requirement . The first, offered as an intuitive
formulation, states as follows: Equation holds if and only if there exists a family (J;);e7\z= and

families (A'Z)je]i € SQ7 of elements of SQ such that, for all i € Z\Z~, elements of &(u; —n;, v; —1;)

are concentrated on Ag , and the following condition holds:

JeJ;

W(ir,ia) € (NI (i1, a) € iy X Jiy s (i1, 1) # (inJo) —> (AP <pa A or AT <go AT). (36)
Indeed, if Req'uirementl holds just take A{ = [a? , bg ]2, whereas if Condition holds, just take
a} = inf(p1(A4})) and b} = sup(p1(A?)). The second formulation will often be used in the remainder
of this subsection: Equation is satisfied if and only if (C;);ez\z= forms a family of disjoint classes
such that

i ciecom (37)
ieT\T=
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To see that Condition implies Condition (36)), observe that, if (A7 )ge J; is an 1nJectlve family
satisfying C; = {Ag i j € Ji}, then the families (Af )jes; for i € T satisfy Condition (36). The estab-
lish that Condition implies Condition observe that (Af )ies, € ONR(pi,v;) (see Definition
. The minimality property of C; implies that C; < {A]};c, for every i € T\ Z=. As Condition
holds, U, {47 }jes; € OR: Condition then follows directly. This is a consequence of the
fact that, for all i € Z, C; < {Ai i J € Ji}. Observe that Equation implies the following:

Y(i,5) € (Z\I7)2V(C,C") €CixCj:i#j = C.NCL=0. (38)
This follows directly from the fact that, for any pair (4, B) € SQ?, A <ge B implies A, N B, = ().

3. We already know that Dx belongs to A C A*. Similarly Dy € A*: Requirement . ) follows from
Theorem while Requirement (37)) follows from the equalities C(i), 7;7) = C(p)}, v ) = {cl(4;)}
and C(fi,, 7, ) = C(py, , vy, ) = {cl(A,)}. Therefore, we conclude Dy € A*.

4. Consider D = ((p;,v4));c7 admissible. From Requirement (34)), we have €(p,v) C Yo7 €(ps, v4): we
now prove that » .., @(u;, ;) C €(u,v). To establish it, consider a family (m;)iez € [[;cz €, v4i)
and define 7 = ). ;7 ;. Let (I';);ez denote a family of cyclically monotone set such that, for all i €
I\ZI=, m; is concentrated on I';. For all i € Z\Z=, m;— H; is concentrated on I';N (UCECi C). Hence 7 is

concentrated on I" := DU (UieI\I Ucee, (TiN C’)) According to Equation (37), ¥);c7\ 7= Ci belongs

to OR. Therefore, (I'; N C)zez cec; 1s an ordered family of cyclically monotone sets. According to
Remark [2.32] . I" is cyclically monotone. As 7 clearly has marginals p and v, m belongs to €(u,v),
which establishes the inclusion ;.7 €(ui, ;) C €(p,v). By Equation (34), we have €(u,v) =

> ier €, vi).

5. Consider D = {(u;,v;) ; i € I} admissible. By Proposition [B.9] for all i 6 I\TI~ and m; € €(p;, v;),
the measure m; — H; is concentrated on A’. According to Equation (3 , (AL)iez\z= 1s a family of
disjoint subsets. Thus, for all (m;);en\7= € HieI\I= &(pi, vi), the family (m; — H;);er\z= consists of
mutually singular measures. Note, however, that (m;);c7\z= is not generally composed of mutually
singular measures.

Lemma C.5. For all D = ((pi, i));er € A", it holds that H(p,v) = > ,c7 Hi and n(p,v) =3, c7m.

Proof. Consider 7 € €(u,v). According to Equation (34), there exists (m;)icz such that m = >, 7 m;.
Then, 7| = > icr(mi — Hi) | p + > ez Hi > > ;c7 Hi. Since this inequality holds for all 7 € &(u,v), it
follows that H(p,v) > >,z H;. To obtain the reverse inequality, we apply Lemma for every i € Z,
there exists m; € €(u;,1;) such that m;| , = H;. By Point 4] of Remark T = ) ;cr T belongs to
&(p,v). Therefore, Y ;o7 Hy = > ;7| p = T|_p = H(p,v). Finally, H(u,v) = > .. H;. Applying the
first marginal projection yields n(u,v) = > ;7 1;- O
Remark C.6. Consider D = ((u;, vi))iez € A*.

1. We now prove that the equality €(u,v) = 3 ;.7 €(ui, V) can be improved to

=D i v). (39)

1€T
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Assume 7 € €(u,v) and (7;)icz € [[;c7 €(pi, vs) satisfies m = Y .7 m;. According to Lemma
we have m — H(p,v) = 3 c7(m — Hi) = 3 ep\g=(mi — H;). For all i € T\ I7, restricting the
previous equality to Af and applying Point [5] of Remark [C.4} we obtain

(m — H(,U:V))I_Ai = Z (7Tj - Hj)l_Ai =m — H;.
JET\T=

Hence, m; = (7 — H(u,v)) Lai t+ H;.If i € I=, m; = H;. Thus, uniqueness holds, and the conclusion
of Point 4| of Remark yields the identity €(u,v) = @,z (1, vs)-

2. We have ;7\ 7= Ci € OR(p, v). Since for all i € T\I7, C; C SQ, it follows that b);c7\ 7= Ci C SQ.
By Equation (37), W;c7\ 7= Ci € OR. Now, for all 7 € &(u,v), there exists (m)iez € [[;e7 €, vi)
such that 7 = Y, 7 m. Then 7 — H(u,v) = > ,c7(m — H;), and for all j € Z, mj — H; € €(p; —
nj,v; —nj) is concentrated on UCecj CC UCEUZ‘GI\I: ¢, C. Therefore, m — H(u,v) is concentrated

on UCE&JEI\IZ ¢, C. Thus, we obtain UieZ\I= C; € OR(p,v).

We now define a relation < 4+ on A* to compare different admissible decompositions. This definition,
formulated purely in terms of measures, admits a more intuitive counterpart at the level of cyclically
monotone transport plans (see Proposition |C.8))

Definition C.7 (Order on decompositions). Let D1 = ((u}, v}))iez, and Do = ((u?, v?))iez, be elements
of A*. We say that D; is a finer decomposition than Ds if the following two conditions hold:

1. There exists a disjoint covering (J;, );;ez= of Zy such that:

Viv€ID,ml = Y n,. (40)
J2€Jiq

2. There exists a partition (J;,)i,ez\z5 of 71 \ Zi such that:
2 2 _ 1 1
Fiy = Thy = ZjleJiQ Fgy = Mg

Vis € T\ Ty, v — 1 = Sjes, Vi — M (41)
2 1
Ty 2 2 jies, My

In this case, we write D1 < 4« Ds.

The following proposition provides a counterpart of Definition formulated in terms of cyclically
monotone transport plans: Dy <4+ Dy if and only if each non-equal component Q:(,LLZZQ, VZZQ) for Dy can
be expressed as a sum of non-equal components of QZ(,ule, 1/}1) plus a fixed part, while equal components
Q(uill, Vill) for i1 € I can be expressed as the sum of equal components Q:(,LL?Q, I/i22) with ip € Z5 plus a
fixed part.

Proposition C.8. Let Dy = {(y;,, v}, ) }iver, and Dy = {(1i3,, V) Yisez, e two admissible decompositions.
Then Dy <4+ Dy if and only if the following two conditions hold:
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1. There exzists a disjoint covering (Ji, )i ez= of Iy and a family of measures (91.11)1-1611: such that

Viv € I7, €(pi, vy = @D €(ud,, vih) @ €(6},,6). (42)
ZQEJ

2. There exists a partition (‘]iQ)iQGIQ\ZQ: of Ty \ I7 , and a family of measures (91-22)1-2612\12: such that,

VZQ 6 IQ \1-2:7 C(MZQ27 Vi22) = @ 6(”117 7,1) @ Q(H’Li? 0122) (43)
11€Jiq

Proof. Assume that D < 4« Do and let (Jil)ileIf and (J¢2)Z~2612\12: be as in Definition First, note
that Equation is equivalent to 77i11 = e Ty 77@'22 + 9}1. Therefore Equation follows directly from
Requirement . To prove Equation , define

2 2 1 1,1 1 oo —
E, = {Q(my%) S3) (@ilejiz e(ﬂil N Vi, — 77i1)> it ip € I \Iz ' (44)

C(u2,v2) otherwise

By Lemma [C.5] we obtain:

Qt(/"h V) = @ Q(H}l ) Vill) - @ 6(77111 Y 77211) + @ Q:(nlzz ) 77222)

i1€1, i1€171 i9€To

=| @B ew —n.vi-n)|o| B ewm,.n)

11€D\IT i2€1s

= @ 9:(771/227 777,22) @ @ Q:(lu”}l - n7}17 V’Lll - 7]}1) @ @ Q:(n122777122)

i2€T\I5 i1€J5y io€L5

= P E..

12€12

From Equation (41)), it follows that E;, C €(u2,, 7). As €(u,v) = @igeb C(pz,,v2), it is stralghtforward
that, for all io € 7o, E;, = Q(,um, v2). Define, for all iy € Io \ I, 0;, = ni ZheJiQ 17“. Equation

i
. ) then follows from Q(,um, 12) E;,. The implication from Conditions and to Dy =4+ Do is
straightforward and left to the reader. O

Remark C.9. 1. For any D = ((u4,v:))iez, the measure ), ;- 7; represents the information that
D provides about the fixed part of elements of €(y,v). Observe that by taking (J;)i;ez= as in

Equation , we obtain:
1 2 2
2z D D m= D (45)
i1€Z €LY 12€dy io€Ly
Requirement is strictly stronger than the inequality , as it favours decompositions in which
the fixed parts are grouped: (Jo,dg) is a better decomposition than (271(8, do), 27 (80, o))
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2. The last line of Equation (41)) also requires that the fixed part unaccounted for by {(,uil1 , V}l)}ile Jiy
is less than that of {(uZ,,12)}.

The following definition makes use of the notation Ag and A, introduced in Definition as well
as A® introduced in Notation [C.1]

Definition C.10. Let D = ((u;, v;))iez be an admissible decomposition. For all i € Z \ Z=, define:
Kf={keK"; Af cA'} and K; ={keK ; A, C A'}.

Remark C.11. 1. According to Equation , for all (i,7) € Z\ Z~, if i # j, then A'N A7 C D.
Therefore, (K;" Jier\z= and (K )jen\z= form disjoint family of index sets.

2. Aslieq 2= Ci € OR(p,v), we have C(p, v) 2 W;eq\ 7= Ci- Thus, forall k € K, there exists i € Z\Z~
and C € C; such that cl(4;) C C. Hence, A} C cl(A]) C C C A?, which yields k € K. Therefore,
Kt c UieI\I= K; . Similarly, K~ C UiGI\I= K . By the previous point, we have

{’C+ = Hiez\zz K:r
K== LﬂieI\Z: K;

Lemma C.12. Consider D = ((ui, v;))iez € A*. Then, for alli € I:

(46)

i — 1 = ZkeK:’ ﬂ; + ZkeK{ fy,

Vi—mi = ZkeKj 7+ ZkeK; Uy,
Proof. Consider 7 € €(u, ), define ¢ and 9 as in Theorem and let (7 )rexc+, (Fr Drex— (id, id) gn)
denote ¢~ 1(7r) € P. By Theorem T—H(u,v) =Y per T +Dope— r - According to Equation (46)),
m—H(p,v) =3 ienz- (ZkeKj T+ ZkeK; 7?,2) . Let (m)iez € [ ez €(pi, v5) be the family satisfying
T = icr T By Lemma T — H(p,v) = 3 en\z- mi — Hi. Therefore,

SNoom—Hi= > [ > w4+ D w |- (47)

1€I\I= ISYAVAS keKj keK,
Moreover, for all i € Z\ Z=, m; — H; is concentrated on A% and Y kekt 7?: + > kek— T, 1s concentrated
on (UkeKj A;) U (UkeK; A,;) C Al. As (Ai)ieI\I: is a family of disjoint set, by restricting Equation
to A%, we obtain
m—Hi= > #i+ Y .

keK;" keK;

Projecting onto the first and second marginals yields the desired equalities. O

We now prove that <4« defines a partial order on A*. Strictly speaking, this is false. If D =
((uisvi))ier € A* and ¢ is a permutation of Z, then the family D' defined as D' = ((fg(), Vo()))iez
belongs to A*: we have D <4+ D' and D’ <4~ D, whereas D and D’ are distinct. We overcome this
obstacle by introducing an equivalence relation ~ as follows.
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Definition C.13. 1. Let E be an arbitrary set and (x;);cz, (y;)jes two families of elements of E. We
say that (y;)jes is a reordering of (;);ez if there exists a bijection ¢ : T — J such that x4y = y;
for all i € Z. In this case, we write (2;)iez ~ (y;)jes. The reader may easily verify that ~ is an
equivalence relation on families of element of F.

2. Let A* be the quotient set of A* by the previously defined relation ~. For all D € A* we denote D
the equivalence class of D under ~.

3. Given Dy, D, € A*, we write D; <z Dy if D; <4+ Dy. Observe that this relation is well defined as
=<+ is class invariant: if Dy <4+ D2, D1 ~ D} and Dy ~ D), then D] <4+ Dj.

In order to prove that <4+ defines a partial order on A*, we need a technical lemma.

Lemma C.14. Assume that (v;)icr € (M4 (R)\{0})7 is such that 3,7 7i(R) < 400 and there exists a
partition (J;)ier of I satisfying the following condition:

VieZyi=)Y_ v (48)
jedi

Then, there exists a bijection ¢ : T — T such that, for alli € Z, J; = {¢(i)}.

Proof. Since (J;)iez is a partition of Z, there exists ¢ : 7 — T such that, for alli € Z, i € J(;). To derive a
contradiction, assume there exists i € 7 such that v; # y,(;). Since 7, (1) = Zj@;(l) v =y for each | € Z,
we obtain +oo > Zje{gal(i) 1>1) v (R) > card({¢'(i) 5 1 > 1} %-(]R). Thus card({¢'(i) ; 1 > 1})%(R) <
+o0, which implies that &k := inf ({I > 0; ¢'"1(i) € {z . (i)}}) is finite. Let j > 0 be such that
j €[0,k—1] and @/ +1(i) = gok'*'l( ). Since go ( ) # @I (i) and ( ( ), (7)) € J, 1) X Jpiti(g) = sz(z)’
we obtain Yuit1) = D ey S Vi 2 Vi (i) T Vok(i) = Vi) T Veiti(s)- This implies v,y = 0, which is

a contradiction. Therefore v; = 7,(;), which implies v; = v + >, Y. Thus Jyi) \ {i} =0, ie.,

p(\{i}

Jo@) = {i}. Tt is now sufficient to prove that ¢ is a bijection: surjectivity is a consequence from J; # (Z),
whﬂe injectivity follows from J, ;) = {i}. O
Theorem C.15. The relation =4 constitutes a partial order on A*. Furthermore, (A*, < =) admits a

minimum element, given by Dy = {(if, 73 ) Yeexct UL (g 7 ) hwexc— U {(n,m)}-

Proof. The reflexivity and transitivity of < 4« follow directly from the definitions and are therefore omitted.
Reflexivity and transitivity of SW directly follows. We now establish that <4~ is antisymmetric. Let
Dy = {(u, v} ) }iez, and Dy = {(Ml, 2 v?)}iez, be two admissible decompositions such that Dy <4+ Dy and
Dy =4+ Dy. Let (J? )izeT,\z; be a partition of 7 \ Zi and (J} )irer;\zr @ partition of Zp \ Z3~ such that,

12 21

for all (i1,42) € (Z1 \ZI7) x (2 \ Z5),

2 2 _ 1.1 1 .1 2 .2
Hiy — My = Zjleﬁ Hgy = 5, Hjy — M5y = ngeﬂ Hijy — My
2 2 1 1
Vig = iy = Z]1€J2 V] 77]1 and Vii =M, = 2126}1 VJ 77]2 : (49)
2 1
My = e, M My 2 Yjaert M
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Consider iy € T, \ Z;" and define .J;, = |4 e Jll. By Equation (49)),
2

2

2 2 _ 2 9
{'uiz iy = ZjQGJiQ /'LjQ njz
2 _ - 2 2

Viy =iy = Liedy, Yin ~ i

and
J1€Jiy J2€Tiy

From Proposition it follows

2 2 2 2 2 2 2 2
Q:(N’Zg _771‘271/1‘2 _77@2) = @ Q:(M]2 _nj2’yj2 _T’]2)
J2€J5,

By Point [5 of Remark Ji, = {ia}. Since (lel )jress, is a family of non-empty disjoint subsets, there
exists ¢(iz) € Iy \ I{ such that J? = {¢(iz)} and J<115(i2) = {iz}. By the two first lines of Equation (49),
we obtain

{Mzzg - 77122 - 'ué(lé) o né’(zé)
Vi =y = Vitia) ™ o)
while Equation gives 77222 > 77;)(@'2) > n?z. Finally, we conclude that (,u?z, l/i22) = (“}p(iz)’ I/qlﬁ(iQ)). Observe
that ¢ defines a bijection from 7y \ Z5 to Z; \ Z1: this follows from the fact that (Jf2 )1;2\22: is a partition of
Zy \ Z7 and the equalities Ji22 = {¢(i2)} for iy € Iy \ Z5 . In particular Zz’1eI1\If nill = ZiQEIQ\IQZ né(h) =
ZizGZQ\IQZ 771’22' From Lemma it follows Zilezlz 77}1 = ZiQEIQZ 771‘22' As Dy <4+ Dy and Dy <4+ Dy,
there exists a disjoint covering of (Jill)heIl: of Z5 and a disjoint covering (Jf2 )isezz of I \ I such that,

. - 1 2
Vll S Il y iy > ije‘]ill 77]'2

4 - 9 1
Viz € I, M5, 2 Xjie s, M),

Thus

Sidna =D wh =D =D > o= > m - > ul =0 (52)

io€Ts 71 GJ% 19 612: i9 612: j1€J7,'22 12 612: i1 GIl:

which implies

m= Y (53)

neJZ,
for every i € Z5 . Similarly, for all 41 € 7, 77@-11 = ZiQ el 77122. From the previous equalities, the sets Jil1
1

J-ll.Forallig €1y, 771'22_2

2 72 _ o2 QG Y.
and J; are non-empty. Now, define J; = LTJneJ% ; = Djel? 15, Since (Jiy)iyezm

is a partition of 73 and (J2)i,ezs is a partition of ZT, it directly follows that (ji)igeI; is a partition of
Z5 . According to Lemma there exists bijection ¢ : Z5- — Z5 such that jl22 = {¢(i2)} for all ix € Z5.

This implies that, for all iy € Z;, there exists a unique ¢(iz) € Zy such that J2 = {¢(i2)}. From Equation
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(B3], it follows that 772-22 = 77;5(1'2)7 ie., (,ui, 1/1-22) = (ué)(zé), 1/(]15(2.2)). Observe that ¢ is a bijection from Z5 to
Z7: this follows directly from the fact that (J;})i,ez; is a partition of Zi~ and the equalities J;, = {¢(i2)?}
for io € Z5-. We have thus established the existence of a bijection ¢ : (Zx \ I5) WIT — (71 \ I7) WIT
such that, for all i € Zs, we have (,u?g, V) = (ué(il), 1/;(1.1)). Therefore Dy ~ Dy, and antisymmetry of
A* follows directly.

We now prove that Df. is a minimal element of (A*, =), that is, D < D for every D € A*. By
Point |3| of Remark Dk € A*. By Remark for all k € Kt (resp. k € K7), 77(,&:, 17,;") =0 (resp.
n(fiy, » 7, ) = 0). Consider D = ((ui, v;))ier € A*. For every i € T\ I, define J; = K; & Kf According
to Equation (46)), (Ji)ier\z= 1s a partition of K~ & K*. By Lemma foralli e T\ I,

{Mi — N = ZkeKj (/1; —0)+ ZkgK; (ﬂiz -0)
Vi =1 = ZkeKj(ﬁlj - O) + ZkeK; (ﬁk_ - O)

and

>y 0+ >0

ke K keK;
This establishes Requirement . Condition follows directly from Lemma indeedn =3 ;.7 m >
> ic7=1i- Therefore D < 4+ D, which establishes our claim.
We are now ready to prove Theorem

Definition C.16. We define A® as the set of elements D = ((u;,;))iez € A* such that there exists a
family (J;);ez\z- and families ((a?,b]))jes, € (RxR)”% with a] < b/ such that the following two conditions
are satisfied:

1. For every i € I7, y; is concentrated on ()7 7= ﬂje]l]a{, b [

2. Foralli € T\ Z7, p; and v; are concentrated on (J, . [a!,b!], and:

1771

V(i1 i2) € (Z\T7)%V(j1, j2) € Jiy X Jiy 1 (i1, 51) # (i, jo) == (0> < all or b <af?).  (54)

Theorem C.17. The decomposition Dy is the minimum element Ofﬂ with respect to the order < 4=.

Proof. Consider D = ((11;,v;))ier € A®, and let the families ((af7 b‘g))jeJi for i € Z\Z= be as in Definition
For every i € T\ Z=, define

Bi = (Il b2\ {(ad.a)) (0],8))})
Jj€J;

For every i € 7, the measures p; and v; are concentrated on Uje i [ag , bg]: it directly follows that C; =<

([a?,07]?)jes,. Therefore, for every k € K}, we have A C A} C B;: as (id,id)gn; is concentrated on

)
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A}, we obtain (id,id)gn | = (id,id)gny . Similarly, for all k € K, (id,id)gn; |_g = (id,id)n; -
Therefore,

H(pv) g, = | Y G(dyid)gnt + Y (id,id)gn;! + (id,id) 4~

LK+ kek+ _B; (55)
> > (id,id)gnt + Y (id,id)n; -
kEK:— keK,

Moreover, for every | € T\ Z~ with [ # 4, H; is concentrated on (J;cp, la],b]] C Bf. For every | € I~,
. . C . . C

H is concentrated on (\ygz- ;e (]a{c, b, [2> C Njeu, <]a§ N [2> C B¢. Therefore, by applying Lemma

we obtain

Hi>Hj| p= Y Hyp+Hg=Huwv g, (56)
1€T\{i}

From Equation (53)), it follows that H; > >, -+ (id,id)unf + >, - (id, id)xn; , ie.,

D P (57)

keK;" keK;
Moreover, according to Lemma [C.12] we have
= + ot -
Mg — 1 = ZkeKj‘(“k — N ) + Eke[(; (Nk — N )
Vi—mi = ZkeKj(Vlj —ni)+ ZkeK;(Vk_ — )
Combined with Equation , this establishes Condition . Moreover,
Smi=n— > m<n— > [ Do wr+ D m=0- D 0= D> m =7,
€= 1€I\I= 1€I\I= k:eKj kek; ket kek—
which establishes Condition . Thus Dx <4+ D, thereby establishing the claim. O

Remark C.18. Observe that A ¢ A% C A*. Since Dy € A is the minimum of A2 with respect to <4+,
the proof of Theorem [2.47] boils down to the following condition:

Y(D1,Ds) € A? : Dy <4 Dy = Dy =4 Do.

This condition follows directly from Proposition
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