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Outline

Let K be a field of characteristic p > 2, algebraically closed.

@ Our goals:

> classification of low-dimensional p-nilpotent restricted Lie
superalgebras over K.
> superization of formulas for the restricted cohomology.
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Outline

Let K be a field of characteristic p > 2, algebraically closed.

@ Our goals:

> classification of low-dimensional p-nilpotent restricted Lie
superalgebras over K.
> superization of formulas for the restricted cohomology.

@ Our tool: restricted central extensions:

Proposition

Let L be a p-nilpotent restricted Lie superalgebra of dimension n. Then, L is isomorphic
to a central extension by a restricted 2-cocycle of a p-nilpotent restricted Lie
superalgebra of dimension n — 1.

@ What do we need? Restricted 2-cocycles of the restricted cohomology for
restricted Lie superalgebras.
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Restricted Lie algebras

Let K a field of characteristic p > 2 and A an associative K-algebra. With the
commutator, it's a Lie algebra. The adjoint representation is then given by

ady(y) = xy — yx.
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Restricted Lie algebras

Let K a field of characteristic p > 2 and A an associative K-algebra. With the
commutator, it's a Lie algebra. The adjoint representation is then given by

ady(y) = xy — yx.

Let m > 0. Then

adr(y) = i (7).

Then, if m = p, we obtain

adf(y) = xPy — yxP = ad,»(y).
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)lP! : L — L satisfying for all
x,y € L and for all X € K:

Q (X))l = xrxlrl; e B

Nathan Jacobson (1910-1999)
v
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)lP! : L — L satisfying for all
x,y € L and for all A € K:

o ()\X)[P] — \PxlPl. . ,«-f:p“'

p terms

e [X’y[p]] = [["'[X’}/]v}/]:"' 7y]"

Nathan Jacobson (1910-1999)
v
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (~)[P] : L — L satisfying for all
X,y € L and for all A € K:

o ()\X)[P] = APxlpl. ‘“"”’Q
p terms g*.#
—N— W~
e [X7y[p]]:[['“[X7y]7y]7"’7y]; -
‘nl
Q (x+ y)[P] = xlPl y[”] + Z si(x,y), Nathan Jacobson (1910-1999)

i=1

with is;(x, y) the coefficient of Z'=' in adg;jy(x). Such a map (=)IP) : L — L is called p-map.
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)[P] : L — L satisfying for all
x,y € L and for all X\ € K:

Q@ ()Pl = aexlrl; !»“;N

p terms G “”,
e I:va[p]] :[["'[X’y]v}/]f"'v)/]f _:‘
da

e (X + y)[P] = X[P] + y[P] + Z S,‘(X, y)’ Nathan Jacobson (1910-1999)
i=1

with isj(x,y) the coefficient of Z'=1 in adg;jy(x), Such a map (=)IP) : L — L is called p-map.

Example: any associative algebra A with [a, b] = ab — ba and alPl = &P Va, b € A.
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Restricted Lie algebras

Very useful :
p—1
dsity)= Y I }[Xl,[x2,[...,[Xp_l,xp]...],
i=1 Xj=x ory

Xp=X, Xp_1=Y
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Restricted Lie algebras

Very useful :
p—1
Zsi(x7y): Z ﬁ{ }[X17[X27[""[Xp—1axp]"']a
i=1 Xj=x ory
Xp=X, Xp_1=y
Definition

A Lie algebra morphism f : (L,[-,-], ()P1) — (L', [,-], (o)[P]l) is called restricted
if

fF(xP= F(x)P', vx e L.
A L-module M is called restricted if

p terms

—
xPl . m = (x~(x-~-(x-m)---)>, Vx e L, Vme M.
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Lie superalgebras

Definition
A Lie superalgebra L = L & Ly is a Z /2 Z-graded vector space equipped with a
bilinear map [-,-] : L x L — L satisfying for x,y,z € L :

Q [[xyll = Ix[+ 1yl

Q [x,y] = —(-1)MMy,x] ;

0@ (—1)MF[x, [y, 2]] + (1) My, [z, x]] + (=1)"I[z, [x, y]] = 0.

If p =3, the identity [x, [x,x]] =0, x € L7 has to be added as an axiom as well.
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Lie superalgebras

Definition
A Lie superalgebra L = L & Ly is a Z /2 Z-graded vector space equipped with a
bilinear map [-,-] : L x L — L satisfying for x,y,z € L :
Q [[xyll=
Q [x,y] = —(-1)MMy,x] ;
0@ (—1)MF[x, [y, 2]] + (1) My, [z, x]] + (=1)"I[z, [x, y]] = 0.

If p =3, the identity [x, [x,x]] =0, x € L7 has to be added as an axiom as well.

Let f: V — W be a map between Z /2 Z-graded vector spaces. Then:
e the map f is called even if f(V;) C W;;

o the map f is called odd if (V) C Wr;
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Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)

A restricted Lie superalgebra is a Lie superalgebra L = L ® L3 such that
@ The even part Lg is a restricted Lie algebra;
@ The odd part L3 is a Lie Lg-module;

p terms

——
Q [X,y[p]] =[[...[x,¥],y],--»¥], Vx € L3, y € L;.
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Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)
A restricted Lie superalgebra is a Lie superalgebra L = L ® L3 such that

@ The even part Lg is a restricted Lie algebra;

@ The odd part L3 is a Lie Lg-module;

p terms
——

Q [x,y[”]] =[[...[x,¥],y],--»¥], Vx € L3, y € L;.

We can define a map (-)1P) : L3 — Lg by

1
x2P — (X2)[”], with x? = §[X,X], x € L.
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Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)

A restricted Lie superalgebra is a Lie superalgebra L = L ® L3 such that
@ The even part Lg is a restricted Lie algebra;
@ The odd part L3 is a Lie Lg-module;

p terms

——
Q [x,y[”]] =[[...[x,¥],y],--»¥], Vx € L3, y € L;.
We can define a map (-)1P) : L3 — Lg by

1
x2P — (X2)[”], with x? = E[X’X]’ x € L.

Theorem (Jacobson)

Let (ej)jes be a basis of Ly, and let the elements f; € Lg be such that
(ade; )P = adg. Then, there exists exactly one p|2p-mapping (P12l [ — [ such
that

el =t foralljeJ.
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Restricted p-nilpotent Lie superalgebras

Let L be a Lie superalgebra. We define a descending central sequence by
Co(L) =L, and CKT(L)=[CH(L),L].

The Lie superalgebra L is called nilpotent if there exists k > 0 such that
Ck(L) =o.

Suppose that L is restricted. Then L is called p-nilpotent if there exists n > 0 such
that x[PI" = 0 vx ¢ Lg. Any p-nilpotent restricted Lie superalgebra is nilpotent.
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A (very) brief history of restricted cohomology

@ 1955 (Hochschild): H?(L, M) := Ext{)(F, M).

¢

Gerhard Hochschild
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@ 2000 (Evans-Fuchs): explicit constructions of 2-cocycles and central

Gerhard Hochschild

extensions.

Tyler J. Evans

Dmitry B. Fuchs
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A (very) brief history of restricted cohomology

@ 1955 (Hochschild): H?(L, M) := Ext{)(F, M).

¢

@ 2000 (Evans-Fuchs): explicit constructions of 2-cocycles and central

Gerhard Hochschild

extensions.

Tyler J. Evans . Dmitry B. Fuchs

@ 2020: attempt to generalize to the superalgebras case.
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Restricted cohomology for restricted Lie superalgebras

Let L = Lg & Lj be a restricted Lie superalgebra and let M be a L-supermodule.

We set CO(L, M) = M and C}(L, M) = Hom(L, M).
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Restricted cohomology for restricted Lie superalgebras

Let L = Lg & Lj be a restricted Lie superalgebra and let M be a L-supermodule.
We set CO(L, M) = M and C}(L, M) = Hom(L, M).

Definition (Restricted 2-cochains)

Let ¢ € C2c(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w is p-compatible if

Q w(Ax) =N uw(x), AeF, x e L,
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Let ¢ € C2c(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w is p-compatible if

Q w(Ax) =N uw(x), AeF, x e L,

Q wix+y)= .
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with x,y € L, m(x) the number of factors x; equal to x.
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Restricted cohomology for restricted Lie superalgebras

Let L = Lg & Lj be a restricted Lie superalgebra and let M be a L-supermodule.
We set CO(L, M) = M and C}(L, M) = Hom(L, M).
Definition (Restricted 2-cochains)

Let ¢ € C2c(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w is p-compatible if

Q w(Ax) =N uw(x), AeF, x e L,

Q wix+y)= .
w(x)+w(y)+ Z ﬁz:(—l)kxp...><p_k+1ga([[...[xl,XQ],><3]...,xp_k_l],xp_k)7

with x,y € L, m(x) the number of factors x; equal to x.

C2(L,M) = {(p,w), ¢ € CZ&(L, M), w is p-compatible}

~ We have a similar (although more complicated) definition for C3(L, M).
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Restricted cohomology for restricted Lie superalgebras

@ A restricted 2-cocycle is an element («, 3) € C?(L, M) such that

O (—1)MHla(x, [y, 2]) + (=1)"Maly, [2,x]) + (-1)*Va(z, [x, y]) = 0,

Vx,y,z € L;
e « (X7 y[p]) B Z (71)’.)/"0(([)(7}/’ Y 7y> +(71)|X“a‘xﬂ(y) = 0,
i+j=p—1 j terms
VxelL, yel;.

The space of restricted 2-cocycle is denoted by Z2(L, M).
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Restricted cohomology for restricted Lie superalgebras

@ A restricted 2-cocycle is an element («, 3) € C?(L, M) such that

O (—1)MHla(x, [y, 2]) + (=1)"Maly, [2,x]) + (-1)*Va(z, [x, y]) = 0,

Vx,y,z € L;
e « (X7 y[p]) B Z (71)’.)/"0(([)(7}/’ Y 7y> +(71)|X“a‘xﬂ(y) = 0,
i+j=p—1 j terms
VxelL, yel;.

The space of restricted 2-cocycle is denoted by Z2(L, M).

o A restricted 2-coboundary is an element (o, 3) € C2(L, M) such that
dp € Hom(L, M),

Q a(x,y) = o(bx, y]) —(—=1)"¥Ixp(y) + (1)U Dyp(x), vx,y € L;
Q B(x) = ¢ (x) — xP71(x), ¥x € Lg.

The space of restricted 2-coboundaries is denoted by B2(L, M).
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Restricted cohomology for restricted Lie superalgebras

The previous formulae define maps

0 1 2
0 — CO(L, M) -5 CL(L, M) 25 C3(L, M) 25 C3(L, M),

with d% = d2¢.

Theorem

We have d? o d> = 0. Therefore, the quotient space
HA(L; M) = Z3(L; M)/ B2(L; M)

is well defined.
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Restricted cohomology for restricted Lie superalgebras

Difficulty: the spaces C2(L; M) and C3(L; M) are not Z,-graded.
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Let L be a restricted Lie superalgebra and M a restricted L-module. We define a
subspace C2(L; M)* C C3(L; M) by

C2(L; M)t = {(a,ﬂ) e C3(L; M), Im(B) C Mﬁ}.
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Restricted cohomology for restricted Lie superalgebras

Difficulty: the spaces C2(L; M) and C3(L; M) are not Z,-graded.

Let L be a restricted Lie superalgebra and M a restricted L-module. We define a
subspace C2(L; M)* C C3(L; M) by

C2(L; M)t = {(a,ﬂ) e C3(L; M), Im(B) C Mﬁ}.

Lemma

(i) We have an inclusion B2(L; M) C C2(L; M)™.
(i) The space C2(L; M)* is Zy-graded and the degree of an homogeneous
element («, 8) € C2(L; M)* is given by |(a, B)| = |a.

This Lemma allows us to consider the space ZZ(L; M)* := ker(d? c2(;.py+ ). Thus

we can define
HZ(L; M) .= Z2(L; M)™/BZ(L; M)g.

The space H?(L; M)* is Zy-graded.
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Central extensions of restricted Lie superalgebras

Let (L, [,-], (-)!P!) be a restricted Lie superalgebra, and M be a strongly abelian
restricted Lie superalgebra (i.e, [m,n] =0 Vm,n € M, and mlPl =0 Vm € M).

A restricted extension of L by M is a short exact sequence of restricted Lie

superalgebras
0—M-SESL—o0.
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Central extensions of restricted Lie superalgebras

Let (L, [,-], (-)!P!) be a restricted Lie superalgebra, and M be a strongly abelian
restricted Lie superalgebra (i.e, [m,n] =0 Vm,n € M, and mlPl =0 Vm € M).

A restricted extension of L by M is a short exact sequence of restricted Lie
superalgebras
0—M-SESL—o0.

In the case where «(M) C 3(E):={a€c E, [a,b] =0Vb € E}, M is a trivial
L-module. These extensions are called restricted central extensions.

Two restricted central extensions of L by M are called equivalent if there is a
restricted Lie superalgebras morphism ¢ : E; — E, such that the following
diagram commutes:

£
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Central extensions of restricted Lie superalgebras

0—M-SE-L—0.
Theorem
Let L be a restricted Lie superalgebra and M a strongly abelian restricted Lie

superalgebra. Then, the equivalence classes of restricted central extensions of L by
M are classified by H?(L; l\/l)g.
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Central extensions of restricted Lie superalgebras

0—M-SEZ L —0.

Theorem

Let L be a restricted Lie superalgebra and M a strongly abelian restricted Lie

superalgebra. Then, the equivalence classes of restricted central extensions of L by
M are classified by H?(L; l\/l)g.

Structure maps on E. Let (p,w) € Z2(L;K)7. The bracket and the p- map on
E are given by

[x+m.y +nle =[xyl +¢(xy), ¥y €L, Vmne M, (1)
(x + m)lPle .= (x)IPl + w(x), ¥x € Lg, Ym € M. (2)
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A brief history of classification of restricted Lie algebras

@ 2016 (Schneider and Usefi): Classification of p-nilpotent restricted Lie
algebras of dimension < 4 (Forum Math.);
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A brief history of classification of restricted Lie algebras

@ 2016 (Schneider and Usefi): Classification of p-nilpotent restricted Lie
algebras of dimension < 4 (Forum Math.);

@ 2016 (Darijani and Usefi): Classification of p-nilpotent restricted Lie algebras
of dimension 5, p > 3, contains some mistakes (J. Algebra);

@ 2023 (Maletesta and Siciliano): Classification of p-nilpotent restricted Lie
algebras of dimension 5, p > 3, using another method (J. Algebra).
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Dimension 3

o sdim(L) = (12): L = (esle ).
Q Li, = (a]e, &) (abelian):
(1) e{p] =0;
Q LI, = (aile, &3 [, &] = e1):
o =0
@ sdim(L) = (2[1): L = (e, e2|e3).

Q L} = (1, &|es) (abelian):
(1) e{"] = e£”] =0;
(2] e{P] = e, eép] =0.

@ sdim(L) =

o L.}.\o = (e1, &, e3) (abelian):
1] e][.p] = egp] = egp] =0;

Q e{p] = e, ey’] — egp] =0;

P) e{p] — e, ey’] — e, egp] —o.

o L?\z = (ei]e2, e3; [e1, &] = e3):

o l—o

Q Li; = (aler, &3 [e3,e3] = en):

o eip] =0

QL= <31,€2|e3; les, &3] = e2):

o e eép] 0;
) e[p] — e, e[P] -0

(3]0): L = (ex, e, €3), (see Schneider-Usefi).

o Lg\o = <61,6‘27 €3; [61, ez] = e3>

o e{P] — eép] _ egp] -0

0 =g, fl=efl=o.
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Dimension 4: scalar restricted 2-cocycles

Let L be a restricted Lie superalgebra and M be a restricted L-module. Let

(p,w) € Z3(L; M) and A be a restricted automorphism of L. An action is given by
A (p,w) = (Ap, Aw), with

{(Aso)(x,y)
(Av)(x) =

@(A(X),A(y)), Vx,y € L 3)
w(A(x)), Vx € Lg.
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Dimension 4: scalar restricted 2-cocycles

Let L be a restricted Lie superalgebra and M be a restricted L-module. Let
(p,w) € Z3(L; M) and A be a restricted automorphism of L. An action is given by
A (p,w) = (Ap, Aw), with

{mqu)
(Av)(x) =

PR A, ey <L .

(A(x)), Vx € Lg.

Proposition

o Let L be a p-nilpotent restricted Lie superalgebra of dimension n. Then, L is
isomorphic to a central extension by a restricted 2-cocycle of a p-nilpotent
restricted Lie superalgebra of dimension n — 1.

e Equivalent 2-cocycles lead to isomorphic extensions.
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Dimension 4: scalar restricted 2-cocycles

Notation: Let L = Lg® L; = (€1, ,€nl€n+1, - , €nrm) be a restricted Lie superalgebra

of superdimension sdim(L) = (n|m). A basis for (ordinary) 2-cocycles is then given by
Ajj:LxL—K, 1<i<n+m, i<j<n+m,

where A,-,j(ek, e/) = 0;k0; and A;; = —(—1)‘5"Hef‘Ajy,'.
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Dimension 4: scalar restricted 2-cocycles

Notation: Let L = L5 ® Ly = {e1, - , enl€nt1, -

, €ntm) be a restricted Lie superalgebra

of superdimension sdim(L) = (n|m). A basis for (ordinary) 2-cocycles is then given by

Theorem

Suppose that L is a nilpotent Lie superalgebra of total dimension 3 with dim(L;) > 1
over an algebraically closed field of characteristic p > 3. The equivalence classes of
(ordinary) non trivial homogeneous 2-cocycles on L are given by

L=Lg;:
L= L%\z-’
L=L},:
L= Lzli\z-'
L=Ljp:
L=Ly;:
L= Lgu-’

A,g,j

Ay,
A1,
JAVEN
JAVIEN
JAVEN
Ay 3,
Ay 3.

Lx L — K, 1<i<n+m, i<j<n+m,
where A j(ex, e) = i k6 and A;j = —(—1)‘e"|‘ef‘Aj,,'.

A1, Ar1g+ Aos;

N3, DNos+ Ao+ Asz;
Ao+ Ass;

IAVRY

DNz, Do+ Asjs.

Aip, Asz3z, Ai1p+ Asz3z;
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Dimension 4: the classification. Building the extensions.

With the list of 2-cocycles, we can extend the Lie brackets using

[ ¥Inew = [x; ¥]oid + Ax, y)X. (4)
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Dimension 4: the classification. Building the extensions.

With the list of 2-cocycles, we can extend the Lie brackets using

[ ¥Inew = [x; ¥]oid + Ax, y)X. (4)

Example. Consider Li’lz = (e1|e2, €3; [e1, &2] = e3) . The 2-cocycles are Ay 3 and
A, 5. We obtain four superalgebras of dimension 4.

Name | sdim | Cocycle | Added element Bracket
L5, | (22) 0 X even [e1, e2] = e3
L{; | (13) 0 X odd [e1, &] = &3
Lis | (113) AV X odd le1, &2] = e3, [e1, 3] = X
Lg‘z (2]2) iYP X even [e1, &2] = &3, [&2, 8] = X

Lie superalgebras obtained by central extensions of L%lz.
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Dimension 4: the classification. Detecting isomorphisms.

It is possible that two superalgebras obtained as central extensions by
non-equivalent cocycles are isomorphic. We need to detect and remove
redundancies.

L [L.L] | sdim(s(L) | sdim(HEe(LiK)) | sdim(HE(LiK)) | sdim(HE(LiK))
L, 0 1|3 13 6|3 719
Ly | X 02 12 312 3]4 (3|5 if p = 3)
Lis | (en) 11 03 50 0|7
Lis | (e, X) 01 11 21 22 (24 if p = 3)
Lis | (en) 12 0l3 5(0 0f7
Lis (X) 10 0|3 5[0 0|7

Invariants for Lie superalgebras of sdim = (1]3).
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Dimension 4: the classification. Lie superalgebras.

Theorem

The classification of 4-dimensional nilpotent Lie superalgebras over an algebraically closed field of

characteristic different from 2 is given by:

sdim(L) = (0]4): L = (0|x1, x2, X3, Xa)
Ljja: [»1=0.
sdim(L) = (1|3): L = (x1|x2, x3, xa)

Li|3 (= Li}3) : abelian;

Lf|3 (= Lli‘|3) s [xa, x3] = xa;

Lf|3 (= Li|3) D e, xs] = xa;

L‘Ila (= L*l’la) L L xe] = x3, [xa, x3] = xa;
Li|3 (= L;la) s [xs, x3] = xi;

Lfli|3 (= Lj1|3) s e, xe] = X1, [x3, %] = X

sdim(L) = (2|2): L = (x1, x2|x3, xa)

Lyjp (=L3),) : abelian;

L§|2 (= Lglz) s [x3, xa] = xo;

L2 (=L51) ¢ Dol = %, [xs, 5] = xa;

L2 (= Lhpp) : Dasxs] = [, xa] = %o, [xs, 0] = xa;
I'g|2 (= L§|2) s ] = xae;
3o (= L5)5) [, a] = X, [, a] = e

= L'2|2) ¢ [xa, xa] = x1.

sdim(L) = (3|1): L = (x1, X2, X3|xa)

L;u (= L;\l) : abelian;

Lg\l (= Lg\l) s a, xe] = xs3;

Lg\l (= Lg\l) : [xe, x2] = xs;

L;u (= Lg\l) s [, xe] = [x3, ] = x3.

sdim(L) = (4]0): L = (x1, x2, x3, x4|0)

1 . %y
LMD : abelian;

2 . 0
L4\0 : [XhXZ] = X3;

400 ¢ [x1, %] = x3, [x1,x3] = xa.
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Dimension 4: the classification. p|2p maps.

Theorem (Jacobson)

Let (ej)jcs be a basis of Lg, and let the elements f; € Ly be such that

Then, there exists exactly one p|2p-mapping (-)IP1?Pl - L — L such that

Pl =t foralljeJ.
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@ Suppose that L = Lg @ Lz is a p-nilpotent restricted Lie superalgebra. Then
Lg is a p-nilpotent restricted Lie algebra with a p-map (-)[P].

@ The classification of 4-dimensional restricted Lie algebras has been achieved
by Schneider-Usefi.

@ We only have to check whether these p-maps satisfy Condition (5).
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Dimension 4: the classification. p|2p maps.

Theorem

The p-nilpotent structures on nilpotent Lie superalgebras of total dimension 4
with dim(L3) > 0 are given by:
e sdim(L) = (0|4): none.
o sdim(L) = (1/3): x”! = 0.
e sdim(L) = (2|2):
X[Ph _ X2[P]1 -0
x| = X,
e sdim(L) = (3|1):
Case Lg abelian:
X:{P]I _ XZ[Ph _ Xgph -0

[P]z X2[P]2 —0.

x{P]z [Pl2 lpl2 _ .

=X, Xp © = X3
X{P]3 = x, £P]3 = x3, §P]3 -0

Case L5 = Lg\ﬂ = (x1, %2, x3; [x1, %2] = Xx3):
X{P]zt _ X2[P]4 _ X?[’P]A =0

X{P]s = x3, X£P]5 _ X[P]s —0.
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Thank you for your attention!
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