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Non-associative algebras

A vector space (A, +) over a field K is called algebra if it is endowed with a
multiplicative law A x A — A.

e associative : a(bc) = (ab)c, Va, b, c € A;
o commutative : ab = ba, Va,b € A;

o Lie algebra :
Q [a,b] = —[b,a], Va,b € A;
(2] [37 [b» C]] + [bv [Cv a]] + [C, [a, b]] =0, Va,b,ce A
(Jacobi).

Sophus Lie
(1842-1899)
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Non-associative algebras

A vector space (A, +) over a field K is called algebra if it is endowed with a
multiplicative law A x A — A.

e associative : a(bc) = (ab)c, Va, b, c € A;
o commutative : ab = ba, Va,b € A;
o Lie algebra :

Q [a,b] = —[b,a], Va,b € A;

Q [a,[b,cll +[b,[c,a]] +[c,[a,b]] =0, Va,b,c € A
(Jacobi).

Sophus Lie
(1842-1899)

Example : Let A be an associative algebra and [a, b] := ab — ba, a,b € A.
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Restricted Lie algebras

Let K a field of characteristic p > 2 and A an associative K-algebra. With the
commutator, it's a Lie algebra. The adjoint representation is then given by

ady(y) = xy — yx.
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Restricted Lie algebras

Let K a field of characteristic p > 2 and A an associative K-algebra. With the
commutator, it's a Lie algebra. The adjoint representation is then given by

ady(y) = xy — yx.

Let m > 0. Then

adr(y) = i (7).

Then, if m = p, we obtain

adf(y) = xPy — yxP = ad,»(y).
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)lP! : L — L satisfying for all
x,y € L and for all X € K:

Q (\x)[P = xpxlrl;:

Nathan Jacobson (1910-1999) )
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x,y € L and for all X € K:

Q (\x)[P = xpxlrl;:

p terms
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)[P] : L — L satisfying for all
x,y € L and for all A € K:

Q ()P = xpxlel,
p terms
—
9 I:Xa.y[p]:l = [["'[Xay]v}/]v"' >y]'.
p—1
Q (x+y)lPl = xlpl 4 ylel 4 Z si(x, ),

i=1

Nathan Jacobson (1910-1999)

with is;(x, y) the coefficient of Z'=1 in ad;;_&y(x). Such a map (-)IP! : L — L is called p-map.
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Restricted Lie algebras

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (-)lP! : L — L satisfying for all
x,y € L and for all A\ € K:

Q ()P = xrxlrl;
p terms
—
e [X7y[p]] = [[[X7y]7y]7 7y]"
p—1
Q (x+ )l =l 4yl 1+ " si(x, ),

=\

Nathan Jacobson (1910-1999)

with is;(x,y) the coefficient of Z'=1 in adg;iy(x). Such a map ()Pl : L — L is called p-map.

Example: any associative algebra A with [a, b] = ab — ba and alP! = a?, Va, b € A.
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Restricted Lie algebras

Definition
A Lie algebra morphism f : (L, [-,-], (-)P) — (L', [-,-]', ()PP is called restricted
if
f(xlP)= F(x)PP, wx € L.
A L-module M is called restricted if

p terms

—
Xl m = (X'(X”'(X'm)"')), VxeL, Vme M.

5/17



Restricted Lie algebras, p = 2

From now on, all the algebras will be considered over a field I of characteristic p = 2.

Definition
A restricted Lie algebra in characteristic 2 is a Lie algebra L equipped with a map
()2 : L —> L such that, for all x,y € L and all \ € F,

o ()\X)P] = 2.
Q [x,y¥] =[xyl yl:

Q (x+y)F =xP 4+ B 4+ [x y].

Proposition

Let L be a restricted Lie algebra in characteristic p = 2. Let x1,--- ,xn € L. Then we

have the formula ) )
(>o%)" =2 X bl

i=1 1<i<j<n
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Restricted Lie algebras, p = 2

Consider the formal space L[[t]] := {Z t'x;, x € L}.

Proposition
Let L be a Lie algebra. Then L[[t]] is a restricted Lie algebra with the extended bracket
[Z tiX;,th}/j}: Zti+j[x;,)/j], Vxi, yj € L. (1)
i>0 j>0 i
and the 2-mapping ()¢ given by

(Z o)™ = e+ 3 ) @

i>0 i>0 i
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Restricted Lie algebras, p = 2

Consider the formal space L[[t]] := {Z t'x;, x € L}.

Proposition
Let L be a Lie algebra. Then L[[t]] is a restricted Lie algebra with the extended bracket
[Z tiX;,th}/j}: Zti+j[x;,)/j], Vxi, yj € L. (1)
i>0 j>0 i
and the 2-mapping ()¢ given by

(Z o)™ = e+ 3 ) @

i>0 i>0 i

Remark. By expanding the formula (2) and by arranging the terms by monomials of the
same degree, we obtain

(Z ) = > (@Al + L) 3)

it+j=n

where |- | denotes the floor function.
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Chevalley-Eilenberg cohomology

Let L be an ordinary Lie algebra and M be an ordinary L-module. We set

CEe(L, M) = Homp(A™L, M) for m > 1,
Co%:(L, M) = M.
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Chevalley-Eilenberg cohomology

Let L be an ordinary Lie algebra and M be an ordinary L-module. We set

CEe(L, M) = Homp(A™L, M) for m > 1,
Co%:(L, M) = M.

The differential maps df : CZL(L, M) — CZE™(L, M) are given by

dg,E(SD)(X]-?'“ 7Xm+1): Z (_1)i+j_1¢([xi7)g]7xl7'"XAl'a"' 7)/(}7"' 7Xm+l)
1<i<j<m+1
m+1

+ Z(—l)/X,'QD(Xh e 7XAII7 o 7Xm+1)7

i=1

where X; means that the element is omitted.
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Chevalley-Eilenberg cohomology

Let L be an ordinary Lie algebra and M be an ordinary L-module. We set

CEe(L, M) = Homp(A™L, M) for m > 1,
Co%:(L, M) = M.

The differential maps df : CZL(L, M) — CZE™(L, M) are given by

dg,E(SD)(X]-?'“ 7Xm+1): Z (_1)i+j_180([xl'7xj]7xl7'"XAl'a"' 7)/(}7"' 7Xm+l)
1<i<j<m+1
m+1

+ Z(—l)/X,'QD(Xh e 7XAII7 o 7Xm+1)7

i=1
where X; means that the element is omitted.
Proposition

We have dZi o dZ = 0.
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Restricted cohomology, p = 2

Let L be an restricted Lie algebra and M be a restricted L-module. A pair (¢, w)
with ¢ : A"L — M and w : L"~! — M is a n-cochain if

Q W\, 20, ,zp 1) = Nw(x, 20, -+ ,2,), NET,
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Restricted cohomology, p = 2

Let L be an restricted Lie algebra and M be a restricted L-module. A pair (¢, w)
with ¢ : A"L — M and w : L"~! — M is a n-cochain if

_ )2 :
Q whx, 23, ,zp—1) = Nw(x, 22, - ,2,), A ET,
Q w is multilinear in z,- -+, z,_1;

e W(X+y7227"" ;Zn—l):
OJ(X,Zg,"' ,zn,1)+w(y,22,-~- ,Zn71)+90(X,y,22,"' 7zn71)-

We denote the spaces thus obtained by C[, (L, M).
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Restricted cohomology, p = 2

We build the differential maps df, : C[,(L, M) — CZF(L, M).
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Restricted cohomology, p = 2

We build the differential maps df, : C[,(L, M) — CZF(L, M).
Let df}, (¢, w) = (d2e(p),0"(w)), with

0"w(x, 2o, ,2p) :x-(p(x Zy,c v, Zy)
—1—22, W(X, 22y ey 2y ey Z1)
+S0(X[] 22,...’2,1)

+Z(p [X Zl XZ23"'721'1"'7ZH)

+ E [Z,‘,Zj],ZQ,"',Z,',"',Z,'7"'

1<i<j<n

1 Zn) -
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Restricted cohomology, p = 2

We build the differential maps df, : C[,(L, M) — CZF(L, M).
Let df}, (¢, w) = (d2e(p),0"(w)), with

5"w(x,22,---,z,,):x-<p(x Zy,c v, Zy)
—1—22, W(X, 22y ey 2y ey Z1)
+g0(x[] Zo,c 3 Zn)
+Z(p [x, 2], %, 22, s 25+ 5 Zn)

+ E [Z,‘,Zj],ZQ,"',Z,',"',Z,'7"',Zn).
1<i<j<n
n—1 dIH»l

() — CriLm) T cn vy Ty e my T ()
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Restricted cohomology, p = 2

Proposition
Q@ Let (p,w) € C(L, M). Then (dZe(¢), 6"(w)) € Co(L, M);
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Restricted cohomology, p = 2

Proposition
Q Let (p,w) € CIL(L,M). Then (dg(p),0"(w)) € CLHH(L, M);

@ We have §"tlo " = 0.

We define:

z1,(L.M) = {(p.w) € CL(L M), dle(¢) =0, 5"(w) =0}.
Bgz(L’ M) = {(%lﬂ) S C:z(L7 M), (gp,w) c im(dggl’dnfl)}.

HE, (L, M) = Z0, (L, M)/BL, (L. M).
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Formal Deformations

Let (L7 [‘7~],(~)[2]) be a restricted Lie algebra.
Definition
A formal deformation of (L, [, (-)[2]) is a restricted structure on the formal space
L[[t]], given for x,y € L, by
me: (x,y) — [x,y] + Z tmi(x,y), we:x— x4 Z t wj(x),
i>1 j>1

with m; : Az(L, L) — L and w; : L +— L. Moreover, the two following conditions must be
satisfied, for x,y,z € L:

me((x, me(y, 2)) +me ((y, me(z, %)) +me ((z, me(x, y)) = 0; (4)
mf(Xth(y)): mt(mf("'mf(xv}/)vy)f" 7y>; (5)
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Formal Deformations

Let (L7 [‘7~],(~)[2]) be a restricted Lie algebra.
Definition

A formal deformation of (L, [, (-)[2]) is a restricted structure on the formal space
L[[t]], given for x,y € L, by

me: (6y) = Doyl + Y Emily), wex— xP 4> " w(x),

i>1 j>1

with m; : Az(L, L) — L and w; : L +— L. Moreover, the two following conditions must be
satisfied, for x,y,z € L:

me((x, me(y, 2)) +me ((y, me(z, %)) +me ((z, me(x, y)) = 0; (4)
mf(Xth(y)): mt(mf("'mf(xv}/)vy)f" 7y>; (5)

N N
A formal deformation is of order N > 0 if m; = Z tm, we= Z tJWj.

i>0 j>0
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Formal Deformations
Let (L, [ (-)[2]) be a restricted Lie algebra and (L[[t]], mt,(dt) a formal deformation.

Proposition
@ Forall i >0, we have (m;,w;) € CZ,(L, L).

@ The pair (m1,w1) is a 2-cocycle, that is, dzg(m1) = 0, §"(w1) = 0.
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Let (L, [ (-)[2]) be a restricted Lie algebra and (L[[t]], mt,(dt) a formal deformation.
Proposition
@ Forall i >0, we have (m;,w;) € CZ,(L, L).

@ The pair (m1,w1) is a 2-cocycle, that is, dzg(m1) = 0, §"(w1) = 0.

For N > 0, we define for all x,y,z € L the quantities
N

0bei1)1(x.y.2) = D (i mwaa—i(y.2)) + My mwvai(z.)) 4 milz, mui(x.)) )

i=1

ObS(Aarl(Xv)’) = Z(mi(y7WN+1—i(X)) + m,-(mN+1_,-(y,x),x)).

i=1
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Formal Deformations

Let (L, [ (-)[2]) be a restricted Lie algebra and (L[[t]], mt,wt) a formal deformation.
Proposition

@ Forall i >0, we have (m;,w;) € CZ,(L, L).
@ The pair (m1,w1) is a 2-cocycle, that is, dzg(m1) = 0, §"(w1) = 0.

For N > 0, we define for all x,y,z € L the quantities
N

0bei1)1(x.y.2) = D (i mwaa—i(y.2)) + My mwvai(z.)) 4 milz, mui(x.)) )

i=1

ObS(ﬁil(Xv)’) = Z(mi(y7WN+1—i(X)) + m,-(mN+1_,-(y,x),x)).

i=1

Proposition
@ We have (obs(,\ﬂl, obs(,al)e C3 (L, L).
@ A deformation of order N extends to a deformation of order N + 1 if and only if

(obsy), obsiy) )€ B2, (L, L).
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Formal Deformations

Definition
Two formal deformations (L[[t]], mt,wt) and (L[[t]]7 mi,w't) of a restricted Lie algebra
are called equivalent if there is a formal automophism ¢: = id + Z t'¢; such that, for

i>0
all x,y € L,

de(me(x,y)) = m(6e(x), 8e(»)):
9 (we(x)) = w(6e(x))-
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Formal Deformations

Definition
Two formal deformations (L[[t]], mt,wt) and (L[[t]], mi,w't) of a restricted Lie algebra
are called equivalent if there is a formal automophism ¢: = id + Z t'¢; such that, for

i>0
all x,y € L,

de(me(x,y)) = m(6e(x), 8e(»)):
9 (we(x)) = w(6e(x))-

Proposition

Let (L, [ 1, (~)[2]) be a restricted Lie algebra and (L[[t]], mt,wt), (L[[t]], mg,w’t)
equivalent formal deformations. Then, (mi,w1) and (m},w]) are in the same
cohomological class.
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Example: Heisenberg algebras

Definition (Heisenberg algebra)

The three dimensional Heisenberg algebra H is spanned by elements x,y,z and equipped with
the Lie bracket [-, -] defined by

xyl=2z [x,z]=ly,z] = 0.

Werner Heisenberg (1901-1976)
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the Lie bracket [-, -] defined by
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Werner Heisenberg (1901-1976)

Proposition

There are up to isomorphism two restricted Heisenberg algebras in characteristic p = 2, given by
Q@ X[ =yl = 212 = 0, denoted by (H,0);
Q x[@ =yl =0, 2[4 = z, denoted by (H, z*);
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Example: Heisenberg algebras

Definition (Heisenberg algebra)

The three dimensional Heisenberg algebra H is spanned by elements x,y,z and equipped with
the Lie bracket [-, -] defined by

[X’Y] =2z, [X,Z] = [Y7Z] =0.

Werner Heisenberg (1901-1976)

Proposition

There are up to isomorphism two restricted Heisenberg algebras in characteristic p = 2, given by
Q@ X[ =yl = 212 = 0, denoted by (H,0);
Q x[@ =yl =0, 2[4 = z, denoted by (H, z*);

Let () a 2-map on #. Then,

(x4 )8 = x4 2 {5 (4 ) = (2 g S (4 )R = Ry 0

Let u=ax+ by +cz€H, a,b,c €F. Then uld = a2x[A 4 p2y 12 1 2701 4 ap7.

15/17



Restricted cohomology with adjoint coefficients

Theorem (Second cohomology group with adjoint coefficients, p = 2)
We have dimg (HZ,(#,0)) = 3 and dims (HZ,(H,z")) = 2.
e A basis for H2,(,0) is given by {(cpl,wl)7 (2, w2), (0, wg)}, with
piy,2) =z 2(x,2) = 7 wily) = y; wa(x) = x; w3(2) = z.

e A basis for H2,(H,z") is given by {(npl,wl), (<p2,w2)}, with

w1(x,¥) = x; pa(x,y) = y; wily) = y; wa(x) = x.
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Thank you for your attention!
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