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Introduction
From Geometry...
to Algebra

Lie algebroids

M a smooth manifold; T(M) tangent bundle of M,
X (M) Lie algebra of smooth vector fields on M.

A Lie algebroid is a smooth vector bundle (7, g) over M, with
m: g —> M endowed with

@ a smooth vector bundle morphism a.: g — T(M)

@ a Lie structure on g, the vector space of smooth sections of g

3/23



Introduction
From Geometry...
to Algebra

Lie algebroids

M a smooth manifold; T(M) tangent bundle of M,
X (M) Lie algebra of smooth vector fields on M.

A Lie algebroid is a smooth vector bundle (7, g) over M, with
m: g —> M endowed with

@ a smooth vector bundle morphism a.: g — T(M)

@ a Lie structure on g, the vector space of smooth sections of g
such that:

O MN(a):Tg — X(M) is a Lie morphism;

3/23



Introduction
From Geometry...
to Algebra

Lie algebroids

M a smooth manifold; T(M) tangent bundle of M,
X (M) Lie algebra of smooth vector fields on M.

A Lie algebroid is a smooth vector bundle (7, g) over M, with
m: g —> M endowed with

@ a smooth vector bundle morphism a.: g — T(M)

@ a Lie structure on g, the vector space of smooth sections of g
such that:

O MN(a):Tg — X(M) is a Lie morphism;

Q [x,fy] = flx,y] + T(a)(x)(fly, f € C*(M), x,y €Tg.
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Introduction

From Geometry...
to Algebra

Lie algebroids

Teaser:

Lie algebroids over M are precisely Lie-Rinehart algebras over
C*>°(M) such that the Lie algebra L is finitely generated and
projective as C°°(M)-module.
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Introduction

From Geometry.

...to Algebra

Definitions

K is a field of characteristic 0.

Definition
A Lie superalgebra L is a Z,-graded K-module L = Lo @ L
endowed with a bracket |-, -] (called super Lie bracket) satisfying,
for homogeneous elements x,y,z € L:

o |, yll = Ix|+Iyl:

o [x,y] = —(—=1)XW[y,x] (super-skewsymmetry);

o (=1)MELx, [y, 2l +(=1)FW[z, [x, y]]+(~1)*M[y, [z,x]] = 0
(super-Jacobi).
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Introduction

From Geometry.

...to Algebra

Definitions

Definition

An associative superalgebra is a Z,-graded K-module
A= Ay @ A1 endowed with a bilinear map A x A — A such that
(ab)c = a(bc) for all a,b,c € A, and AiA; C Aiyj.

It is called supercommutative if ab = (—1)?l1Plpa, Va, b
homogeneous in A.
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Introduction
From Geometry.

...to Algebra

Definitions

Definition

Let A be an algebra. A map D : A— A is a superderivation (of
degree |D|) of A if D is a Zy-graded linear map and if the
super-Leibniz condition is satisfied:

D(ab) = D(a)b+ (—1)PlIPlap(b)  Va, b € A.

We denote by Der(A) the vector superspace of superderivations of
A.
o
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Introduction
From Geometry.
...to Algebra

Definitions

A Lie-Rinehart superalgebra is a pair (A, L), where
e L is a Lie superalgebra over K, endowed with a bracket [-,-];
e A is an associative and supercommutative K-superalgebra,

such that, for x,y € L and a, b € A:
@ There is an action Ax L — L, (a,x) — a- x, making L an
A-module;

@ Thereis a map p: L — Der(A), x — px, which is both a
Lie algebra morphism and a A-module morphism, called

anchor map;
° [Xva'y] :px(a)'y+(_1)|al|x|a'[Xay]‘ )
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Introduction
From Geometry.

...to Algebra

Examples

o Trivial Lie-Rinehart superalgebra. Let A be an associative
unital superalgebra and L be a Lie superalgebra. Then the pair
(A, L) can always be endowed with a Lie-Rinehart superalgebra
structure with the trivial action and the zero anchor.
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Examples

o Trivial Lie-Rinehart superalgebra. Let A be an associative
unital superalgebra and L be a Lie superalgebra. Then the pair
(A, L) can always be endowed with a Lie-Rinehart superalgebra
structure with the trivial action and the zero anchor.

o Lie superalgebra of superderivations. Let A be an
associative unital superalgebra, and L = Der(A) be its
superderivations superalgebra. Then (A, Der(A)) is a
Lie-Rinehart superalgebra, with p = id.
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Classification of Lie-Rinehart Superalgebras

Classification: an example

(111, 1|1)-type: (o € C, a; #0)

A L Action Anchor
Liy | el - =oafl | null
trivial p(fD)(el) = azel
L | el £l =asf? | p(R)(el) = —el, p(F!)(el) = —aze]
Al el £ = aufl | p(f)(e}) =
L§|1 trivial p(flo)(ell) = ase}
el - 2 =aefl | null
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Classification of Lie-Rinehart Superalgebras

Classification: an example

(111, 1|1)-type: (o € C, a; #0)

A L Action Anchor

Liy | el - =oafl | null

trivial p(fD)(el) = azel
Lin | el - =asf | p(f)(el) = —el, p(f)(el) = —asel
Al el £ = auft | p(F)(el) =
trivial p(FD)(el) = asel

3
Ly

el - 2 =aefl | null

~> We have obtained all Lie-Rinehart superalgebras structures on
pairs (A, L) with dim(A) < 2 and dim(L) < 4.
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Formal Deformations and Cohomology

Deformation theory: Super-multiderivations

Let (A, L[-,], p) be a Lie-Rinehart superalgebra and M an
A-module.

Definition (Super-multiderivations space)

We define Der" (M, M) as the space of multilinear maps
foMET— M
such that it exists of : M®" — Der(A) (called symbol map),

f(xla "'aXn+1) = _(_1)|XiHXi+1|f(Xla -eoy Xit1, Xi -~-7Xn+1)7

(X1, . Xiyoo@ Xpp1) = (—l)lal(‘leXlH"'Hx"l)a (X1, ooy Xnt1)

+ of(x1, ey Xn)(3) (Xnt1), Va € A.
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Formal Deformations and Cohomology

Deformation theory: Super-multiderivations

Der*(M, M) = € Der"(M, M), withDer (M, M) = M.

n>-—1
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Formal Deformations and Cohomology

Deformation theory: Super-multiderivations

Der*(M, M) = € Der"(M, M), withDer (M, M) = M.

n>-—1
Lie structure: f € DerP(M, M) and g € Der?(M, M):

[f.g] =fog—(-1)gof,
with symbol map o(f ) = or 0 g — (=1)P70z o f + 07, 0],

with

(fog)(xt, s Xprqt1) = Z (T, X1, ey Xptqt1)
T€Sh(q+1,p)

x f (g(X‘r(l)a EE) XT((H—l))a XT(q+2)7 ey XT(p-HH—l)) .
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Formal Deformations and Cohomology

Deformation theory: Super-multiderivations

Proposition

There is a one-to-one correspondence between Lie-Rinehart
superstructures on (A, L) and elements m € Der'(L, L) such that
[m, m] = 0.
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Formal Deformations and Cohomology

Deformation theory: Super-multiderivations

Proposition

There is a one-to-one correspondence between Lie-Rinehart
superstructures on (A, L) and elements m € Der'(L, L) such that
[m, m] = 0.

~» with that in mind, we can construct a deformation theory by
identifying Lie-Rinehart superstructures on (A, L) and the
corresponding element m € Der?(L, L).
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Formal Deformations and Cohomology

Deformation theory: Deformation cohomology

Cochains space.
Chr(L, L) := Der" (L, L)
Cor (L, L) == D Clr(L, L).

n>0
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Formal Deformations and Cohomology

Deformation theory: Deformation cohomology

Cochains space.
Chr(L, L) := Der" (L, L)
Cor (L, L) == D Clr(L, L).

n>0

We endow it with a differential operator

o Ccrl’ef(La L) — Cg;;l(Lv L)’
D — [m, D].
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Formal Deformations and Cohomology

Deformation theory: Deformation cohomology

Cochains space.
Chr(L, L) := Der" (L, L)
Cor (L, L) == D Clr(L, L).

n>0
We endow it with a differential operator
o Cc?ef(La L) — Cg;;l(Lv L)’
D — [m, D].

Proposition

(Cher(L, L), 0) is a cochain complex.
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Formal Deformations and Cohomology

Deformation theory: main results

Let (A, L,[-,], p) be a Lie-Rinehart superalgebra, and let
m & Der'(L, L) be the corresponding super-multiderivation.

me: Lx L — L[[t]]
(x,y) — Z t'mi(x,y), mo=m, m; € Der'(L,L),
i>0

Moreover, m; must verify [m;, m¢] = 0, the bracket being the
Z-graded bracket on C}¢(L[[t]], L[[t]]).
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Formal Deformations and Cohomology

Deformation theory: main results

Let m; be a deformation of a Lie-Rinehart superalgebra (A, L).
Then the infinitesimal my is a 2-cocycle with respect to the
deformation cohomology.
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Formal Deformations and Cohomology

Deformation theory: main results

Let m; be a deformation of a Lie-Rinehart superalgebra (A, L).
Then the infinitesimal my is a 2-cocycle with respect to the
deformation cohomology.

Any non-trivial deformation of m € Der'(L, L) is equivalent to a
deformation whose infinitesimal is not a coboundary.

= If H%.; = 0, any deformation is equivalent to the trivial
deformation.
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Restricted Lie algebras

Restricted Lie Rinehart algebras

. . i . Infinitesimal deformations
A Quick Look into the World of Positive Characteristic sima

A quick look into the world of positive characteristic.

Let IF be a field of prime characteristic p.

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L endowed with an
application ([P : L —s L such that

QO ()P =),xlPl x e[, NeTF;
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A Quick Look into the World of Positive Characteristic

A quick look into the world of positive characteristic.

Let IF be a field of prime characteristic p.

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L endowed with an
application ([P : L —s L such that

QO ()P =),xlPl x e[, NeTF;
p termes
——
@ [x.yP] =[xyl v, v
p—1

© (x+y)lPl =xlPl 4 ylPl 3 " 5(x, y),
i=1

with isi(x,y) the coefficient of Z'~1 in ad'};j_y(x). Such an

application (=)IP! : L — L is called a p-map.
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Restricted Lie algebras
Restricted Lie Rinehart algebras

. . i . Infinitesimal deformations
A Quick Look into the World of Positive Characteristic sima

Restricted cohomology of restricted Lie algebras

Definition (Restricted 2-cochains)

Let p € C3c(L,M) and w : L — M. Then w has the
(x)-property w.r.t ¢ if
Q w(Ax) = Nw(x), AeF, xe L,

18/23



Restricted Lie algebras
Restricted Lie Rinehart algebras
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Restricted cohomology of restricted Lie algebras

Definition (Restricted 2-cochains)

Let p € C3c(L,M) and w : L — M. Then w has the
(x)-property w.r.t ¢ if

Q w(Ax) = Nw(x), AeF, xe L,

Q wix+y) =w(x)+wly)+

1 223
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with x,y € L, m(x) the number of factors x; equal to x.
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. . i . Infinitesimal deformations
A Quick Look into the World of Positive Characteristic sima

Restricted cohomology of restricted Lie algebras

Definition (Restricted 2-cochains)

Let p € C3c(L,M) and w : L — M. Then w has the
(x)-property w.r.t ¢ if

Q w(Ax) = Nw(x), AeF, xe L,

Q wix+y) =w(x)+wly)+

1 223
Yo == D D ok @l[ s Xl x8] Xom k-1l X k),
x,-:xoryﬂ—(x) =0
s o

with x,y € L, m(x) the number of factors x; equal to x.We then
define

C3(L,M) = {(go,w), @ € C2c(L, M), w has the (x)-property w.r.t go}
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Restricted Lie algebras
Restricted Lie Rinehart algebras

i i . s Infinitesimal deformations
A Quick Look into the World of Positive Characteristic simat aerol CIs

Restricted cohomology of restricted Lie algebras

o A restriced 2-cocycle is an element (o, 3) € C?(L, M) such
that

@ « is an ordinary Chevalley-Eilenberg 2-cocycle;

o]y _1)iyi -
Q a(x )= > ()Y a |y, ..yly | + xBy) =0

itj=p-1 j terms
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Restricted cohomology of restricted Lie algebras

o A restriced 2-cocycle is an element (o, 3) € C?(L, M) such
that

@ « is an ordinary Chevalley-Eilenberg 2-cocycle;

o]y _1)iyi -
Q a(x )= > ()Y a |y, ..yly | + xBy) =0

itj=p-1 j terms

o A restriced 2-coboundary is an element (o, 3) € C2(L, M)
such that 3¢ € Hom(L, M),

O a(x,y) = ([x,y]) — xp(y) + yp(x);
Q B(x) = ¢ (xIP!) — xP=1p(x).
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Restricted Lie algebras
Restricted Lie Rinehart algebras

i i . s Infinitesimal deformations
A Quick Look into the World of Positive Characteristic simat aerol CIs

A quick look into the world of positive characteristic.

Let A be an associative commutative algebra, D € Der(A) and
a € A. In characteristic p, we have:

(aD)P = aPDP + (aD)P~(a)D.
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Restricted Lie algebras
Restricted Lie Rinehart algebras

. . i . Infinitesimal deformations
A Quick Look into the World of Positive Characteristic sima

A quick look into the world of positive characteristic.

Definition
Let A be an associative commutative algebra over a field F of
characteristic p. Then (A, L) is a restricted Lie-Rinehart algebra
if
@ (A, L) is a Lie-Rinehart algebra, with anchor map
p: L — Der(A);
Q (L, (-)[P]> is a restricted Lie algebra;

@ p(xlPl) = p(x)P;
Q (ax)lPl = aPxlPl ¢ p(ax)P~1(a)x, a € A, x € L.
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Restricted Lie as

R d Lie Rinehart algebras
Infinitesimal deformations

A Quick Look into the World of Positive Characteristic

Infinitesimal Deformations:

me = [-,] + tmy, m; multiderivation ; (1)
ot = p+ to1, o1 symbol map with respect to my; (2)
()Pl = ()P 4 twy, wy: L — L. (3)
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ebras
Rinehart algebras

A Quick Look into the World of Positive Characteristic Infinitesimal deformations

Infinitesimal Deformations:

me = [-,] + tmy, m; multiderivation ; (1)
ot = p+ to1, o1 symbol map with respect to my; (2)
()Pl = ()P 4 twy, wy: L — L. (3)

We obtain the following deformations equations:

b, (. 2)] + [y, mu(z, )] + [z, m (x, ) (4)
ma(x, [y, 2]) + ma(y, [2,x1) + mi(z,[x,y)) = 0
(sl + i) = 37 ()Y mi(x 5 oy) ()

i+j=p—1

Proposition

Equations (4) and (5) imply that (my,w;) is a restricted 2-cocycle.
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A Quick Look into the World of Positive Characteristic

Infinitesimal Deformations:

my = [+, -] + tmy, my multiderivation ;
ot = p+ toy, o1 symbol map with respect to my;

()Pl = (P 4ty wy i L — L.

We also obtain the new following equations:

fuy

Rl

p(wi(x)) + o1 (x[P]) p(x) 0 a1(x) 0 p(x)P~L
i=0
p—2
wi(ax) — aPwi(x) = ) p(ax)’ o o1(ax) o p(ax)P 27" (a)x
i=0

Ongoing works: Finding cohomological interpretations of
Equations (6) and (7).
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as
d Lie Rinehart algebras

A Quick Look into the World of Positive Characteristic Inifwizesiionel] e

Thank you for your attention.
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