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Definitions

K is a field of characteristic 0.

Definition

A Lie superalgebra L is a Z2-graded K-module L = L0
⊕

L1
endowed with a bracket [·, ·] (called super Lie bracket) satisfying,
for homogeneous elements x , y , z ∈ L:

|[x , y ]| = |x | + |y |;
[x , y ] = −(−1)|x ||y |[y , x ] (super-skewsymmetry);

(−1)|x ||z|[x , [y , z]]+(−1)|z||y |[z , [x , y ]]+(−1)|x ||y |[y , [z , x ]] = 0
(super-Jacobi).
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Definitions

Definition

An associative superalgebra is a Z2-graded K-module
A = A0 ⊕ A1 endowed with a bilinear map A × A −→ A such that
(ab)c = a(bc) for all a, b, c ∈ A, and AiAj ⊂ Ai+j .

It is called supercommutative if ab = (−1)|a||b|ba, ∀a, b
homogeneous in A.
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Definitions

Definition

Let A be a superalgebra. A map D : A −→ A is a superderivation
(of degree |D|) of A if D is a Z2-graded linear map and if the
super-Leibniz condition is satisfied:

D(ab) = D(a)b + (−1)|a||D|aD(b) ∀a, b ∈ A.

We denote by Der(A) the vector superspace of superderivations of
A.
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Definitions

Definition

A Lie-Rinehart superalgebra is a pair (A, L), where

• L is a Lie K-superalgebra, endowed with a bracket [·, ·];
• A is an associative and supercommutative K-superalgebra,

such that, for x , y ∈ L and a, b ∈ A:

There is an action A × L −→ L, (a, x) 7−→ a · x , making L an
A-module;

There is a map ρ : L −→ Der(A), x 7−→ ρx , which is both a
Lie superalgebra morphism and a A-module morphism, called
anchor map;

[x , a · y ] = ρx(a) · y + (−1)|a||x |a · [x , y ].
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An example

Lie superalgebra of superderivations. Let A be an associative
supercommutative unital superalgebra, and L = Der(A) be its
superderivations superalgebra. Then (A,Der(A)) is a Lie-Rinehart
superalgebra, with ρ = id.
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Super-multiderivations
Deformations

Deformation theory: Super-multiderivations

Let (A, L[·, ·], ρ) be a Lie-Rinehart superalgebra and M an
A-module.

Definition (Super-multiderivations space)

We define Dern(M,M) as the space of multilinear maps

f : M∧(n+1) −→ M

such that it exists an application σf : M×n −→ Der(A) (called
symbol map), such that

σf (x1, · · · , a · xi , · · · , xn) = (−1)|a|(|x1|+···+|xi−1|)a · σf (x1, · · · , xi , · · · , xn);

f (x1, · · · , xn, a · xn+1) = (−1)|a|(|f |+|x1|+···+|xn|)a · f (x1, · · · , xn+1)

+ σf (x1, · · · , xn)(a)(xn+1), ∀a ∈ A.
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Super-multiderivations
Deformations

Deformation theory: Super-multiderivations

Der∗(M,M) =
⊕
n≥−1

Dern(M,M), withDer−1(M,M) = M.

Lie structure: f ∈ Derp(M,M) and g ∈ Derq(M,M):

[f , g ] = f ◦ g − (−1)pqg ◦ f ,

with symbol map σ[f ,g ] = σf ◦ g − (−1)pqσg ◦ f + [σf , σg ],

with

(f ◦ g)(x1, ..., xp+q+1) =
∑

τ∈Sh(q+1,p)

ε(τ, x1, ..., xp+q+1)

× f
(
g(xτ(1), ..., xτ(q+1)), xτ(q+2), ..., xτ(p+q+1)

)
.

9 / 26



Basics
Deformations of Lie-Rinehart Superalgebras

The Restricted Side of the story

Super-multiderivations
Deformations

Deformation theory: Super-multiderivations

Der∗(M,M) =
⊕
n≥−1

Dern(M,M), withDer−1(M,M) = M.

Lie structure: f ∈ Derp(M,M) and g ∈ Derq(M,M):

[f , g ] = f ◦ g − (−1)pqg ◦ f ,

with symbol map σ[f ,g ] = σf ◦ g − (−1)pqσg ◦ f + [σf , σg ],

with

(f ◦ g)(x1, ..., xp+q+1) =
∑

τ∈Sh(q+1,p)

ε(τ, x1, ..., xp+q+1)

× f
(
g(xτ(1), ..., xτ(q+1)), xτ(q+2), ..., xτ(p+q+1)

)
.

9 / 26



Basics
Deformations of Lie-Rinehart Superalgebras

The Restricted Side of the story

Super-multiderivations
Deformations

Deformation theory: Super-multiderivations

Der∗(M,M) =
⊕
n≥−1

Dern(M,M), withDer−1(M,M) = M.

Lie structure: f ∈ Derp(M,M) and g ∈ Derq(M,M):

[f , g ] = f ◦ g − (−1)pqg ◦ f ,

with symbol map σ[f ,g ] = σf ◦ g − (−1)pqσg ◦ f + [σf , σg ],

with

(f ◦ g)(x1, ..., xp+q+1) =
∑

τ∈Sh(q+1,p)

ε(τ, x1, ..., xp+q+1)

× f
(
g(xτ(1), ..., xτ(q+1)), xτ(q+2), ..., xτ(p+q+1)

)
.

9 / 26



Basics
Deformations of Lie-Rinehart Superalgebras

The Restricted Side of the story

Super-multiderivations
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Deformation theory: Super-multiderivations

Proposition

There is a one-to-one correspondence between Lie-Rinehart
superstructures on (A, L) and elements m ∈ Der1(L, L) such that
[m,m] = 0.

⇝ with that in mind, we can construct a deformation theory by
identifying Lie-Rinehart superstructures on (A, L) and the
corresponding element m ∈ Der1(L, L).
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Super-multiderivations
Deformations

Deformation theory: Deformation cohomology

Cochains space.

Cn
def (L, L) := Dern−1(L, L)

C ∗
def (L, L) :=

⊕
n≥0

Cn
def (L, L).

We endow it with a differential operator

δ : Cn
def (L, L) −→ Cn+1

def (L, L),

D 7−→ [m,D].

Proposition

(C ∗
def (L, L), δ) is a cochain complex.
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Deformation theory: main results

Definition

Let (A, L, [·, ·], ρ) be a Lie-Rinehart superalgebra, and let
m ∈ Der1(L, L) be the corresponding super-multiderivation.

mt : L × L −→ L[[t]]

(x , y) 7−→
∑
i≥0

t imi (x , y), m0 = m, mi ∈ Der1(L, L),

Moreover, mt must verify [mt ,mt ] = 0, the bracket being the
Z-graded bracket on C ∗

def (L[[t]], L[[t]]).
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Deformations

Deformation theory: main results

Theorem

Let mt be a deformation of a Lie-Rinehart superalgebra (A, L).
Then the infinitesimal m1 is a 2-cocycle with respect to the
deformation cohomology.

Theorem

Any non-trivial deformation of m ∈ Der1(L, L) is equivalent to a
deformation whose infinitesimal is not a coboundary.

=⇒ If H2
def = 0, any deformation is equivalent to the trivial

deformation.

13 / 26



Basics
Deformations of Lie-Rinehart Superalgebras

The Restricted Side of the story

Super-multiderivations
Deformations

Deformation theory: main results

Theorem

Let mt be a deformation of a Lie-Rinehart superalgebra (A, L).
Then the infinitesimal m1 is a 2-cocycle with respect to the
deformation cohomology.

Theorem

Any non-trivial deformation of m ∈ Der1(L, L) is equivalent to a
deformation whose infinitesimal is not a coboundary.

=⇒ If H2
def = 0, any deformation is equivalent to the trivial

deformation.

13 / 26



Basics
Deformations of Lie-Rinehart Superalgebras

The Restricted Side of the story

Super-multiderivations
Deformations

Deformation theory: main results

Theorem

Let mt be a deformation of a Lie-Rinehart superalgebra (A, L).
Then the infinitesimal m1 is a 2-cocycle with respect to the
deformation cohomology.

Theorem

Any non-trivial deformation of m ∈ Der1(L, L) is equivalent to a
deformation whose infinitesimal is not a coboundary.

=⇒ If H2
def = 0, any deformation is equivalent to the trivial

deformation.

13 / 26



Basics
Deformations of Lie-Rinehart Superalgebras

The Restricted Side of the story

Restricted Lie algebras and their cohomology
Restricted Lie Rinehart algebras

The restricted side of the story.

Let F be a field of prime characteristic p > 2.

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L endowed with an
application (·)[p] : L −→ L such that

1 (λx)[p] = λpx [p], x ∈ L, λ ∈ F;

2

[
x , y [p]

]
= [[...[x ,

p terms︷ ︸︸ ︷
y ], y ], ..., y ];

3 (x + y)[p] = x [p] + y [p] +
p−1∑
i=1

si (x , y),

with isi (x , y) the coefficient of Z i−1 in adp−1
Zx+y (x). Such an

application (−)[p] : L −→ L is called a p-map.
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Restricted Lie Rinehart algebras

An example: the Witt algebra W (1).
Let char (F) = p ≥ 5. We define

W (1) = Span{e−1, e0, ..., ep−2}

endowed with the bracket

[ei , ej ] =

{
(j − i)ei+j if i + j ∈ {−1, ..., p − 2};
0 otherwise;

and the p-map

e
[p]
i =

e
[p]
0 = e0;

e
[p]
i = 0 if i ̸= 0.
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Restricted cohomology of restricted Lie algebras

Definition (Restricted 2-cochains; Evans, Fuchs)

Let φ ∈ C 2
CE (L,M) (ordinary Chevalley-Eilenberg 2-cochain) and

ω : L −→ M. Then ω has the (∗)-property w.r.t φ if

1 ω(λx) = λpω(x), λ ∈ F, x ∈ L;

2 ω(x + y) = ω(x) + ω(y) +∑
xi=x or y
x1=x, x2=y

1

π(x)

p−2∑
k=0

(−1)kxp...xp−k+1φ([[...[x1, x2], x3]..., xp−k−1], xp−k),

with x , y ∈ L, π(x) the number of factors xi equal to x.

C 2
∗ (L,M) =

{
(φ, ω), φ ∈ C 2

CE (L,M), ω has the (∗)-property w.r.t φ
}
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Restricted cohomology of restricted Lie algebras

A restricted 2-cocycle is an element (α, β) ∈ C 2
∗ (L,M) such

that
1 α is an ordinary Chevalley-Eilenberg 2-cocycle;

2 α
(
x , y [p]

)
−

∑
i+j=p−1

(−1)iy iα

[x , y , ..., y︸ ︷︷ ︸
j terms

], y

 + xβ(y) = 0.

A restricted 2-coboundary is an element (α, β) ∈ C 2
∗ (L,M)

such that ∃φ ∈ Hom(L,M),

1 α(x , y) = φ ([x , y ]) − xφ(y) + yφ(x);

2 β(x) = φ
(
x [p]

)
− xp−1φ(x).
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We are in the following situation:

0 −→ C 0
∗ (L,M)

d0
∗−→ C 1

∗ (L,M)
d1

∗−→ C 2
∗ (L,M)

d2
∗−→ C 3

∗ (L,M)

with d0
∗ = d0

CE .
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The restricted side of the story.

Let A be an associative commutative algebra.

(A,Der(A), id) is an ordinary Lie-Rinehart algebra;

(Der(A), (·)p) is a restricted Lie algebra;

If D ∈ Der(A) and a ∈ A, we have

(aD)p = apDp + (aD)p−1(a)D.
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Restricted Lie-Rinehart Algebras.

Definition

Let A be an associative commutative algebra over a field F of
characteristic p. Then (A, L) is a restricted Lie-Rinehart algebra
if

1 (A, L) is a Lie-Rinehart algebra, with anchor map
ρ : L −→ Der(A);

2

(
L, (·)[p]

)
is a restricted Lie algebra;

3 ρ(x [p]) = ρ(x)p;

4 (ax)[p] = apx [p] + ρ(ax)p−1(a)x , a ∈ A, x ∈ L.

Example: The Witt algebra with A = F[x ]/(xp − 1).
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Definition

A restricted multiderivation (of order 1) is a pair (m, ω), where m : L × L → L is
skew-symmetric, ω is p-homogeneous and satisfies

ω(x + y) = ω(x) + ω(y) +

p−1∑
i=1

θi (x , y), (1)

where iθi (x , y) is the coefficient of Z i−1 in
(
ãdm(Zx + y)

)p−1
(x), with

ãdm(x)(y) := m(x , y), such that it exists a map σm : L → Der(A) called restricted
symbol map which must satisfy the following four conditions, for x , y ∈ L and a ∈ A:

σ(ax) = aσ(x); (2)

m(x , ay) = am(x , y) + σ(x)(a)y ; (3)

σ ◦ ω(x) = σ(x)p ; (4)

ω(ax) = ap ω(x) + σ(ax)p−1(a)x . (5)
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Proposition

There is a one-to-one correspondence between restricted
Lie-Rinehart structures on the pair (A, L) and restricted
multiderivations of order 1 such that

m(x ,m(y , z)) +m(y ,m(z , x)) +m(z ,m(x , y)) = 0 (6)

and

m(x , ω(y)) = m(m(...m(x ,

p terms︷ ︸︸ ︷
y), y), ..., y) (7)
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Restricted Formal Deformations

Definition

A formal deformation of (m, ω) is given, for x , y ∈ L, by two applications

mt : (x , y) 7−→
∑
i≥0

t imi (x , y), ωt : x 7−→
∑
j≥0

t j ωj(x),

with m0 = m, ω0 = ω, and (mi , ωi ) restricted multiderivations. Moreover, the
four following conditions must be satisfied, for x , y , z ∈ L, and a ∈ A:

mt(x ,mt(y , z))t +mt(y ,mt(z , x)) +mt(z ,mt(x , y)) = 0; (8)

mt (x , ωt(y))t = mt(mt(· · ·mt(x ,

p terms︷ ︸︸ ︷
y), y), · · · , y); (9)

k∑
i=0

σi (ωk−i (x)) (a) =
∑

i1+···+ip=k

σi1(x) ◦ · · · ◦ σip (x)(a), ∀k ≥ 0; (10)

σk(x)
p−1 =

∑
i1+···+ip−1=k

σi1(x) ◦ σi2(x) ◦ · · · σip−1(x) ∀k ≥ 0; (11)
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Restricted Formal Deformations

Proposition

Let (mt , ωt) be a restricted deformation of (m, ω). Then (m1, ω1)
is a 2-cocyle of the restricted cohomology.

Proposition

Let (mt , ωt) and (m′
t , ω′

t) be two equivalent formal deformations of
(m, ω). Then, their infinitesimal elements are in the same
cohomological class.
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Thank you for your attention.
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Classification: an example

(1|1, 1|1)-type: (αi ∈ C, αi ̸= 0)

A L Action Anchor

A1
1|1

L1
1|1 e11 · f 11 = α1f

0
1 null

L2
1|1

trivial ρ(f 01 )(e
1
1 ) = α2e

1
1

e11 · f 11 = α3f
0
1 ρ(f 01 )(e

1
1 ) = −e11 , ρ(f 11 )(e

1
1 ) = −α3e

0
1

e11 · f 01 = α4f
1
1 ρ(f 01 )(e

1
1 ) = e11

L3
1|1

trivial ρ(f 01 )(e
1
1 ) = α5e

1
1

e11 · f 01 = α6f
1
1 null

⇝ We have obtained all Lie-Rinehart superalgebras structures on
pairs (A, L) with dim(A) ≤ 2 and dim(L) ≤ 4.
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