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Introduction

Introduction

Definition
Let L be a K vector space. A Lie bracket on L is a bilinear map
[,] : L x L — L satisfying, for x,y,z € L,

Q [x,y] = —ly, x] (anticommutativity)

Q [x, v, zll + v, [z, xX]] + [z, [x, ¥]] = O (Jacobi identity).

If L is endowed with such a bracket, we call the pair (L,[-,"]) a Lie
algebra.
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@ Double extensions of Lie algebras were introduced by Medina and
Revoy (1985) in order to classify nilpotent Lie groups by their
algebras.
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Introduction

Definition
Let L be a K vector space. A Lie bracket on L is a bilinear map
[,] : L x L — L satisfying, for x,y,z € L,

Q [x,y] = —ly, x] (anticommutativity)
Q [x.[y,z]] + ly, [z, x]] + [z, [x, ¥]] = O (Jacobi identity).

If L is endowed with such a bracket, we call the pair (L,[-,"]) a Lie
algebra.

@ Double extensions of Lie algebras were introduced by Medina and
Revoy (1985) in order to classify nilpotent Lie groups by their
algebras.

e If Lis a Lie algebra and K = span{X}, K* =span{X*}, a double
extension of L is a Lie structure on K & L ® K*.
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Introduction

@ Benayadi, Bouarrouj, Hajli : Double extensions of restricted Lie
superalgebra equipped with a non-degenerate invariant and
symmetric bilinear form (2020),

Double extensions of restricted Lie (super)algebras, Arnold. Math.
J. 6 (2020), 231 - 269.

@ Bouarroudj, Maeda : Symplectic double and Lagrangian extensions
for quasi-Frobenius Lie superalgabras (2021),
Double and Lagrangian extensions for quasi-Frobenius Lie
superalgebras, arXiv:2111.00838.

@ Our goal : "symplectic analog” of the first paper, that means, study

double extensions of restricted quasi-Frobenius Lie superalgebras.
~ The cohomology involved is the restricted cohomology.
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Restricted Lie superalgebras
Preliminaries Quasi-Frobenius Lie superalgebras

© Introduction

9 Preliminaries
@ Restricted Lie superalgebras
@ Quasi-Frobenius Lie superalgebras
@ Derivations
@ Restricted cohomology

© Symplectic Double Extensions
@ First case: orthosymplectic, even derivation

@ Converse
@ Examples
@ Example 1 : the Lie superalgebra D;_q

@ Example 2 : K>™ m odd
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Preliminaries Quas ius Lie superalgebras

Lie superalgebras

Let F be a field of characteristic p > 2.

Definition

A Lie superalgebra a = ag ® a; is a Z /2 Z-graded vector space equipped
with a bilinear map [-,-] : a X a — a satisfying for a, b,c € a :

Q |[[a,b]| = |a| + |b] ;
Q [a,b] = —(—1)llPl[p, 5] ;
Q (—1)llel[a, [b, c]] + (~1)lallbl[b, [c, a]] + (=1)!elI€l[c, [a, b]] = O.

If p =3, the identity [a, [a,a]] =0, a € a; has to be added as an axiom
as well.
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Preliminaries a) bbenius Lie superalgebras

Restricted Lie algebras

Definition (Jacobson, 1941)

A restricted Lie algebra is a Lie algebra g equipped with a map
()Pl g — g satisfying
(1) ()\x)[p] =MxlPl x e g, NeF;
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Restricted Lie algebras

Definition (Jacobson, 1941)

A restricted Lie algebra is a Lie algebra g equipped with a map
()Pl g — g satisfying
(1) ()\x)[p] =MxlPl x e g, NeF;

p terms

—
9 |:X7y[p]:| = [[[Xaylay]a "'ay]'.
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homology

Restricted Lie algebras

Definition (Jacobson, 1941)

A restricted Lie algebra is a Lie algebra g equipped with a map
()Pl g — g satisfying
(1) ()\x)[”] =MxlPl x e g, NeF;

p terms
e I:X7y[p]:| = [[[Xv.y]a.y]v "'3.y]'.
p—1
e (X +y)[P] — X[p] +y[P] + Zsi(x7y),
(=il

with is;(x,y) the coefficient of Z'~1 in adg;iy(x). Such a map
()P L — L is called p-map.
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homology

Restricted Lie algebras

Definition (Jacobson, 1941)

A restricted Lie algebra is a Lie algebra g equipped with a map
()Pl g — g satisfying
(1) ()\x)[”] =MxlPl x e g, NeF;

p terms
e I:X7y[p]:| = [[[Xv.y]a.y]v "'3.y]'.
p—1
e (X +y)[P] — X[p] +y[P] + Zsi(x7y),

i=1
with is;(x,y) the coefficient of Z'~1 in adg;iy(x). Such a map
()P L — L is called p-map.

Example : any associative algebra A with the commutator and al?! := aP.
Example : restricted Heisenberg algebras.
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Preliminaries

Restricted Lie algebras

Very useful :

Z;Si(X7Y) Z T }[Xl,[X27[...7[xp,1,xp]...],

Xj=x ory
Xp=Xs Xp_1=Y
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Preliminaries superalg

Restricted Lie algebras

Very useful :

Z;Si(X7Y) Z T }[Xl,[X27[...7[xp,1,xp]...],

Xi xory
Xp=X, Xp_1=¥

Definition

A Lie algebra morphism f : (g, [, ], (-)[P]) — (g’, [, (-)[P],) is said to
be restricted if )
f (X[p]) =f(x)P', xeg.
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Preliminaries

Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)

A restricted Lie superalgebra is a Lie superalgebra a = ag ® a; such
that

@ The even part aqg is a restricted Lie algebra;
@ The odd part a; is a Lie ag-module;

p terms

——
Q [a,blPl] =[[...[a, b], b], ..., b], a € a1, b€ ap.
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Preliminaries

Restricted Lie superalgebras

Definition (Restricted Lie superalgebra)

A restricted Lie superalgebra is a Lie superalgebra a = ag ® a; such
that

@ The even part aqg is a restricted Lie algebra;
@ The odd part a; is a Lie ag-module;

p terms
Q [a,blPl] =[[...[a, b], b], ..., b], a € a1, b€ ap.

We can define a map (-)P : a; — ag by

1
alel = ()" with & = S[a,a], 2 € ay.

One also says that a has a p|2p structure.
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Preliminaries i eralgebras

Quasi-Frobenius Lie superalgebras

Definition

A Lie superalgebra a is called quasi-Frobenius if it is equipped with a
2-cocycle w € Z2-(a;F) such that w is a non-degenerate bilinear form.
Explicitly, for all a, b € a we have

(—=1)lallcly(a, [b, c]) + (=1)1MPlw(c, [a, b]) + (—=1)?112lw(b, [c, a]) = 0.
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Quasi-Frobenius Lie superalgebras

Definition

A Lie superalgebra a is called quasi-Frobenius if it is equipped with a
2-cocycle w € Z2-(a;F) such that w is a non-degenerate bilinear form.
Explicitly, for all a, b € a we have

(—=1)lallcly(a, [b, c]) + (=1)1MPlw(c, [a, b]) + (—=1)?112lw(b, [c, a]) = 0.

o If we B%(a,F), (a,w) is called Frobenius.
o If wis even, (a,w) is called orthosymplectic.

o If wis odd, (a,w) is called periplectic.
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Preliminaries
Derivations

Restricted cohomology

(Restricted) derivations

Definition

Let a be a restricted Lie superalgebra. A derivation of a is a linear map
D :a — a such that

D ([a, b]) = [D(a), b] + (—1)1?11P[a, D(b)], a,b € a.
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(Restricted) derivations

Definition

Let a be a restricted Lie superalgebra. A derivation of a is a linear map
D :a — a such that

D ([a, b]) = [D(a), b] + (—1)1?11P[a, D(b)], a,b € a.

@ A derivation D is called restricted if

D(a) = (ad,)’~*(D(a)), a € ao;
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Preliminaries

(Restricted) derivations

Definition

Let a be a restricted Lie superalgebra. A derivation of a is a linear map
D :a — a such that

D ([a, b]) = [D(a), b] + (—1)1?11P[a, D(b)], a,b € a.

@ A derivation D is called restricted if

D(a) = (ad,)’~*(D(a)), a € ao;

@ A derivation D is said to have the p-property if there exists v € F
and ag € ag such that

DP = ~D + ad,,, and D(ap) = 0.
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Preliminaries
Derivations

Restricted cohomology

(Restricted) derivations

If D is a derivation of a quasi-Frobenius Lie algebra (a,w), there exists an
unique linear map D* : a — a satisfying the condition

w(D(a), b) = (=1)"Plw(a, D*(b)), a.b € a.
This map D* is called the adjoint of D.

Moreover, D* is a derivation as well.
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Preliminaries

Restricted cohomology

Let a be a restricted Lie superalgebra and M a restricted a-module.

Let o € C2c(a,M) et 0 : ag —» M. We say that 0 has the
(x)-property w.r.t. ¢ if
Q 9(ha) =)NP(a), N€F, aca;
@ 0(a+ b) =06(a)+ 0(b) +
1 <
S S 1 k1 ([t el e Xkt o)

X,'E{a,b} (a) =0

x1=a, xp=b

N

with a, b € a, w(a) the number of x; equal to a. We then define

C2(a, M) = {(¢,0), ¢ € C¢e(a, M), 0 has the («)-property w.r.t. ¢} .
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Preliminaries Q
Derivations
Restricted cohomology

Restricted cohomology

e A restricted 2-cocycle is an element («, 3) € C2(a, M) such that
@ « is an ordinary Chevalley-Eilenberg 2-cocycle;

@ a(ab?)— > (-1)y'a|[a,b,...bl,b |+ aB(b)=0,ab¢a.

i+j=p—1 J terms
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Restricted cohomology

e A restricted 2-cocycle is an element («, 3) € C2(a, M) such that
@ « is an ordinary Chevalley-Eilenberg 2-cocycle;

@ a(ab?)— > (-1)y'a|[a,b,...bl,b |+ aB(b)=0,ab¢a.

i+j=p—1 J terms

o A restricted 2-coboundary is an element (o, 3) € C2(a, M) such
that 3¢ € Hom(a, M),

Q a(a,b) = v([a, b]) — ap(b) + bp(a), a,b € a;

@ 5(a) = ¢ (a) — 2 Lp(a), 2 € ao.
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Preliminaries

D
Restricted cohomology

Useful cocycles

Let (a,w) be a quasi-Frobenius Lie superalgebra and let D be a
derivation. Let us define the map

C:aNa— T,

(a,b) w((D + D*)(a), b>— w(D(a), b> +w <a, D(b)>.

Then, C € Z2;(a;F). Moreover, if D is inner, then C € B2y(a;F).
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D
Restricted cohomology

Useful cocycles

Let (a,w) be a quasi-Frobenius Lie superalgebra and let D be a
derivation. Let us define the map

C:aNa— T,

(a,b) w((D + D*)(a), b>— w(D(a), b> +w <a, D(b)>.

Then, C € Z2;(a;F). Moreover, if D is inner, then C € B2y(a;F).

~» Now, we aim to build a map P : ag — I such that (C,P) is a
restricted cocycle.
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Preliminaries

Restricted cohomology

Denote by of(a, b) the expression that appears in the following equation:

(04 0) a4 B). (a2 ) = 3 iatGat (1)

1<i<p—1
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Restricted cohomology

Denote by of(a, b) the expression that appears in the following equation:

w(<D+D*)(ua+b),< 42,00 Z(a)) S ot by (1)

1<i<p—1

Example : o{(a, b) = wa((D + D*)(b), (ad})P~2(a)).
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Preliminaries
Deri

Restricted cohomology

Denote by of(a, b) the expression that appears in the following equation:

(04 0) a4 B). (a2 ) = 3 iatGat (1)

Example : o{(a, b) = wa((D + D*)(b), (ad})P~2(a)).

Let P: a, — F be a map satisfying

P(éa) = &PP(a) forallacagandd €T, (2)
p—1
P(a+b) = P(a)+P(b)+ > of(ab) foralla,bcay. (3)

i=1

Then, P has the (x)-property wrt the cochain C and the pair (C,P) is a
restricted 2-cocycle if and only if

wa((D + D) (b[”]) ,a)— Wa ((D + D*)(b),adgl(a)> for all a, b € ap.

™ = = =
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Symplectic Double Extensions

Symplectic Double Extensions

Let (a,w) be a quasi-Frobenius Lie superalgebra.
We construct restricted double extensions K @ a @K™ of a, with
K = span {X} and K* = span {X*}. There are four cases to consider :

w even (orthosymplectic case) w odd (periplectic case)

/N /N

D even D odd D even D odd
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Symplectic Double Extensions

Let (a,w) be a quasi-Frobenius Lie superalgebra.
We construct restricted double extensions K @ a @K™ of a, with
K = span {X} and K* = span {X*}. There are four cases to consider :

w even (orthosymplectic case)

/

D even
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

@ Let (a,w) be an orthosymplectic Lie superalgebra and let D be an
even restricted derivation satisfying the p-property.
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

@ Let (a,w) be an orthosymplectic Lie superalgebra and let D be an
even restricted derivation satisfying the p-property.

o For A € FF, consider the maps

Q:anNa—TF

(a,b) = wqy (D o D(a) +2D* o D(a) + D* o D*(a) + A(D + D*)(a), b)

T:a0p —F

ar— wy ((D + D*)(a), (ad$)P 2 o D(a)) +AP(a).
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

@ Let (a,w) be an orthosymplectic Lie superalgebra and let D be an
even restricted derivation satisfying the p-property.

o For A € FF, consider the maps
Q:aNa—TF

(a,b) = wqy (D o D(a) +2D* o D(a) + D* o D*(a) + A(D + D*)(a), b)

T:a0p —F

ar— wy ((D + D*)(a), (ad$)P 2 o D(a)) +AP(a).

e Suppose that (C, P) € Z2(a,F) and (Q, T) € B3(a,F). Since w is
non-degenerate, there exists Z € a such that

Q(a, b) = wa(Z,[a,bla), Va,bca and T(a) =wq(Z,aP), Va e ap.
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

Theorem (Bouarroudj, E., Maeda (Part 1))

@ There exists a Lie superalgebra structure on g := K ® a K™,
defined as follows (for any a, b € a):

[x, x*]g = Ax,
[a, b]lg = [a, bla + C(a, b)x,
[x*,alg = D(a) + wa(Z, a)x;

17/26



First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

Theorem (Bouarroudj, E., Maeda (Part 1))
@ There exists a Lie superalgebra structure on g := K ® a K™,
defined as follows (for any a, b € a):
[x, x*]g = Ax,
[a, b]lg = [a, bla + C(a, b)x,
[x*,alg = D(a) + wa(Z, a)x;

o There exists a closed anti-symmetric orthosymplectic form wgy on g
defined as follows (we only write non-zero-terms):

wg|a><a = Wq, ng(X*,X) = 1l,
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

Theorem (Bouarroudj, E., Maeda (Part 2))

o There exists a p|2p-map on the double extension g of a given by

a[P]g — a[p]ﬂ —+ P(a)X’
(x9)Ple = yx* + a9 4 Ax,
x[Pls = by + ox + d0x*, where :

@ The case A # 0:

1
D(ao) =0, A= X(,‘)(Z7 30)7 v = )\P—l7 §=0

1
D(by) =0, o= XW(Z’ bo), D*(by) =0, by centralin a,
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

Theorem (Bouarroudj, E., Maeda (Part 2))

@ There exists a p|2p-map on the double extension g of a given by

a[P]g — a[P]n AL P(a)x,
(x*)Ple = x* + ag 4 Ax,
x[Pls = bg+ ox+ dx*, where :

o Thecase A\ =0 and D # —6 ' adp,:

D(ao) = 0, w(Z, ao) = 0, 6 = 0,
D(by) = 0, w(Z,by) = 0O, D*(by) = 0, by central,
and

D*(ao) + vZ = D*P7}(2).
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

Theorem (Bouarroudj, E., Maeda (Part 2))

@ There exists a p|2p-map on the double extension g of a given by
a[p]B — a[P]n + P(a)x’
(x*)Ple = x* + ag 4 Ax,
x[Pls = by + ox+ dx*, where :
o Thecase A\ =0 and D = —6~tady, is inner:
D(ao) = 0, W(Z7 ao) = 07
D(by) = 0, w(Z,bp) = 0, D*(by) = -46Z,
and
D*(a0) +7Za = (D*)P7}(2).

18/26



First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

First case: orthosymplectic, even derivation

Theorem (Bouarroudj, E., Maeda)

Let (g,wy) be a restricted orthosymplectic quasi-Frobenius Lie
superalgebra. Suppose there exists an even non-zero x € ([g, gly)" such
that K := Span{x} is an ideal, and K= is a p-ideal.

Then, (g,wy) is obtained as a symplectic extension using an even
derivation D from a restricted orthosymplectic quasi-Frobenius Lie
superalgebra (a,w,). Moreover, if the center of g is non trivial, then we
can choose x to be central.
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First case thosymplectic, even derivation
Symplectic Double Extensions Converse

(Quick) sketch of the proof

The “ordinary” part has been proven by Bouarroudj & Maeda (2021).
We have g = K+ @ K*. Define a := (K @ K*)*, then we have
g=K®a®K*. In particular, we obtain that

Q € BZ:(a,F) and C € Z%¢(a,TF).

Let's investigate the p|2p-mappings:
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First case: orthosymplectic, even derivation
Symplectic Double Extensions Converse

(Quick) sketch of the proof

The “ordinary” part has been proven by Bouarroudj & Maeda (2021).
We have g = K+ @ K*. Define a := (K @ K*)*, then we have
g=K®a®K*. In particular, we obtain that

Q € BZ:(a,F) and C € Z%¢(a,TF).
Let's investigate the p|2p-mappings:

For a € g, we have alPls € K+ = K @ a. Therefore, it exists s,P:a—>TF
such that

alPls = s(a) + P(a)x.
N
p|2p —map on a; (C,P) € Z%(a,FF).
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Example 1 : the Lie superalgebra D/
Example 2 : K™ m odd =9

Examples

Example 1 : the Lie superalgebra D/ _

q

Consider the (2]|2)-dimensional restricted Lie superalgebra
DZ;,—q (g # 0,1) given on the basis (e, e | €3, e4) by the brackets

e, @] = e, [e1,e3] =qes, [er,e] = —qes,

and the p|2p-map e{p] = e and eép] =0.
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Examples

Example 1 : the Lie superalgebra D/ _

q

Consider the (2]|2)-dimensional restricted Lie superalgebra
DZ;,—q (g # 0,1) given on the basis (e, e | €3, e4) by the brackets

ler, ] = e, [e1,e3] =qes, [er, es] = —qes,
and the p|2p-map el = ¢, and €l = 0.

This superalgebra is orthosymplectic quasi-Frobenius with the form

w=eNe +e; Ney,.
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Examples

Example 1 : the Lie superalgebra D/ _

q

Consider the (2]|2)-dimensional restricted Lie superalgebra
DZ;,—q (g # 0,1) given on the basis (e, e | €3, e4) by the brackets

le1,e] = e, [e1, &3] = qges,  [er, e4] = —qeq,
and the p|2p-map e{p] = ¢ and eép] =0.
This superalgebra is orthosymplectic quasi-Frobenius with the form
w=eNe +e; Ney,.

We consider the even outer derivations D; = e3 ® €5 and D, = e, ® €.
We have Df = D;.
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Consider the (2]|2)-dimensional restricted Lie superalgebra
DZ;,—q (g # 0,1) given on the basis (e, e | €3, e4) by the brackets

le1,e] = e, [e1, &3] = qges,  [er, e4] = —qeq,
and the p|2p-map e{p] = ¢ and eép] =0.
This superalgebra is orthosymplectic quasi-Frobenius with the form
w=eNe +e; Ney,.

We consider the even outer derivations D; = e3 ® €5 and D, = e, ® €.
We have Df = D;.

We have : (€, T) is a coboundary <= A= —1.
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Example 1 : the Lie superalgebra D/ _

q

We have : (€, T) is a coboundary <— A= —1.

In that case,

Q0=0, C=¢e;®¢e, Z=ue (UeF), Ple1) =u, P(e) =0.

[X7X*]g = =X,
[a,bly =a, bla + C(a, b)x,
[x*,alg = Di(a) + wa(uer, a)x;

e{plg = e{p]“ + ux,
eéP]u — 07

(YPle =,

x[Pls =0.
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The Lie superalgebra K*™ (Gomez, Khakimdjanov, Navarro) is spanned
by the generators (xg,x1 | ¥1,--.¥m) (Even | Odd), with non-zero
brackets given by

[X07)/i] = _[YhXO] = Yi+1, i<m-—1,

[}/i7}/m+1fi] = [Yerlfi:)/i] = (_1)i+1X17 1§i§mTH'
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The Lie superalgebra K*™ (Gomez, Khakimdjanov, Navarro) is spanned
by the generators (xg,x1 | ¥1,--.¥m) (Even | Odd), with non-zero
brackets given by

[X07)/i] = _[YhXO] = Yi+1, i<m-—1,
[}/i7}/m+1fi] = [Yerlfi:)/i] = (_1)i+1X17 1§i§mTH'

e K%M js orthosymplectic quasi-Frobenius if and only if m = 0
mod (p). In that case, the form is given by

* * 1 * * 1 mit3 * * . i * *
XA =S A =5 (=1)> Ymp AYms — Z (=1 Y AYmea-i

1§,‘§’"T—3
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The Lie superalgebra K*™ (Gomez, Khakimdjanov, Navarro) is spanned
by the generators (xg,x1 | ¥1,--.¥m) (Even | Odd), with non-zero
brackets given by

[X07)/i] = _[YhXO] = Yi+1, i<m-—1,
[}/i7}/m+1fi] = [)/erlfi:_y"] = (_1)i+1X17 1§i§mTH'

e K%M js orthosymplectic quasi-Frobenius if and only if m = 0
mod (p). In that case, the form is given by

* * 1 * * 1 mit3 * * . i+1 * *
X0 AL =51 /\}/1—5(—1) Z Yma AYms — Z i(=1)™" Y AYme—i
i<

e K%M s restricted if and only if m < p, with the [p|2p]-map given by

X([)p] = S1X1, X{p] = S)x1, where s, s, € F.

~+ Hereafter, we will consider x([)p] =0, X{p] = X1.

v
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A derivation yielding a trivial extension.

Consider the outer restricted derivation given by
D=x®x5.

We have D* = —D. It follows that that the cocycle C as well as the map
Q are identically zero.

Therefore, the double extension is trivial.
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A derivation yielding a non-trivial extension.

Consider the outer restricted derivation given by

D=y, 1@y +y,®y;; D' =y, @y; =251 ®y5.
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A derivation yielding a non-trivial extension.

Consider the outer restricted derivation given by

D=y, 1Qy; +¥®ys; D'=y,Qy; =21 ®y;.

It follows that

Qy1,y3) = =27, Qy2,y2) =2\

Thecase p=3: Q=dZ(\x;)and C=1yi Ay;+y5 Ays:

Z=Xxx, and P(a)=x;(alP)) forac K02’3,

,y:)\p—l, dp = —7YXo, 5‘:0a b0:X17 oc=1
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A derivation yielding a non-trivial extension.

Consider the outer restricted derivation given by
D=y 100 +yp®y3; D '=y®y; =21 ®ys.

It follows that

Qy1,y3) = =2\, Q(y2,y2) =2\

The case p > 3: The map £ cannot be a coboundary, except for A =0
where it becomes identically trivial. In this case, we can choose

v=0, by=0, a=x, Z=x.
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Thank you for your attention!
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