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Introduction

Non-associative algebras and superalgebras

Let (A, +) be a vector space over a field K. It is called
(non-associative) algebra if it is endowed with a multiplicative
law A x A — A.
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Introduction

Non-associative algebras and superalgebras

Let (A, +) be a vector space over a field K. It is called
(non-associative) algebra if it is endowed with a multiplicative
law A x A — A.

e associative : a(bc) = (ab)c, Va, b, c € A;

@ commutative : ab = ba, Va, b € A,

o Lie algebra :
@ ab= —ba, Va,b e A
@ a(bc) + b(ca) + c(ab) =0, Va,b,c € A
(Jacobi).

Sophus Lie
(1842-1899)

Notation for Lie algebras : ab =: [a, b], a, b€ A:
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Introduction

Non-associative algebras and superalgebras

Let (A = Ap @ A1, +) be a super vector space over a field K. It is
called (non-associative) superalgebra if it is endowed with a
multiplicative law A; x Aj — Aiyj mod2-
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Introduction

Non-associative algebras and superalgebras

Let (A= Ap & A1,+) be a super vector space over a field K. It is
called (non-associative) superalgebra if it is endowed with a
multiplicative law A; X Aj — A} mod2-

e associative : a(bc) = (ab)c, Va,b,c € A,
o supercommutative : ab = (—1)/%?lpa, Va, b c A;
o Lie superalgebra :

Q ab=—(-1)lPlpa, Va, b e A

@ (~1)"“la(bc) + (~1)7I4lb(ca) + (~1)“IVlc(ab) = 0,
Va, b,c € A (Jacobi).

Notation for Lie (super)algebras : ab =: [a, b], a,b € A.
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® Herz (1953), Palais (1961), Rinehart (1963);
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Introduction

Brief history of Lie-Rinehart (super)algebras

@ Herz (1953), Palais (1961), Rinehart (1963);
@ Hochschild (1955, positive characteristic case);
@ Huebschmann (1990).

Definition

A Lie-Rinehart superalgebra on a field K is a triple (A, L, p), with (L,[-,-])
K-Lie superalgebra and A an associative supercommutative K-superalgebra,
such that L is an A-module, and there is a map

p: L — Der(A), xr— px

called anchor, which is an A-modules map and a Lie superalgebras map.
Moreover, it has to satisfy the compatibility condition

[Xaa'.y] :px(a)'y+(_1)‘a|‘x‘a' [va]v any S I—7 Vae A

Der(A) = {f : A— A, f(ab) = f(a)b+ (~1)"1"laf (b)}.
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Introduction

@ Introduction

© Lie-Rinehart superalgebras in characteristic 0
o Classification
@ Super-multiderivations
@ Cohomology and deformations

© Restricted Lie-Rinehart algebras in characteristic p > 0
@ Restricted Lie algebras and their cohomology
@ Deformations of restricted Lie-Rinehart algebras, p > 2
@ The particular case of the characteristic p = 2

@ Perspectives
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Classification: an example

(111, 1|1)-type: (ai € C, oy #0)

A L Action Anchor

L%ll el i =a:1? | null

trivial (D) (el) = anef
o | L et f=asf? | p(R)(el) = el p()(el) = —asel
1
el - = cuf! | p(f)(el) = el
trivial p(fD)(el) = asef

3
L1|1

el - 2 = asfl | null

Ah]_ = <e?7ellv ellel1 - 0>,
Ly = (R RS IRL A =R L3, = (F AR, A = /)
L= (R, [,1=0).
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Classification: an example

(111, 1|1)-type: (o € C, «a; #0)

A L Action Anchor

L%ll el - i =ai1f? | null

trivial p(f0)(el) = azel

Al L1y e = asf | p(F)(el) = —el, p(A')(el) = —azel
el £ = aufl | p(F)(el) = el
trivial p(fD)(el) = asel

3
L 140 1
el - fi =asfy | null

~» We have obtained all Lie-Rinehart superalgebras structures on pairs (A, L)
with dim(A) < 2 and dim(L) < 4.
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Super-multiderivations

Let (A, L, p) be a Lie-Rinehart superalgebra and M an A-module.

Definition (Super-multiderivations space)

We define Der"(M, M) as the space of multilinear maps
fr M) M
such that it exists an application of : M*" — Der(A) (called

symbol map), such that

O'f(Xl, s ,dc Xyt 7Xn) = (_1)|3|(|X1|+"'+‘Xf71‘)a . Uf(X17 ety Xyt axn);
f(Xla S Xp,d Xn+1) = (fl)lal(lfl‘HXl|+"'+|Xn|)a . f(Xla 000 7Xn+1)

+or(x1, -, %xn)(a)(Xnt1), Va € A.
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Super-multiderivations

Der*(M, M) = €D Der"(M, M), withDer (M, M) = M.

n>-—1
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Super-multiderivations

Der*(M, M) = €D Der"(M, M), withDer (M, M) = M.

n>-—1
Lie structure: f € Der’(M, M) and g € Der?(M, M):

[fvg] =fog g~ (_1)pqg °G fv
with symbol map o(f 4} = 0r 06 g — (—=1)P05 o6 f + [0, 0],
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Super-multiderivations

Der*(M, M) = €D Der"(M, M), withDer (M, M) = M.

n>-—1
Lie structure: f € Der’(M, M) and g € Der?(M, M):

[fvg] =fog g~ (_1)pqg °G fv
with symbol map o(f 4} = 0r 06 g — (—=1)P05 o6 f + [0, 0],

with

(foG g)(le'” 7Xp+q+1): Z 5(7’,X]_7"‘ 7Xp+q+1)
r€Sh(q+1,p)

x f (g(X‘r(l)7 T 7XT(q+1))7 Xr(g+2)s " 7X‘r(p+q+1)) .
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Super-multiderivations

Proposition

There is a one-to-one correspondence between Lie-Rinehart
superalgebras structures on (A, L) and elements m € Dert(L, L)
such that [m, m] = 0.
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Super-multiderivations

Proposition

There is a one-to-one correspondence between Lie-Rinehart
superalgebras structures on (A, L) and elements m € Dert(L, L)
such that [m, m] = 0.

~> we can construct a deformation theory by identifying a
Lie-Rinehart supealgebra structure on (A, L) and the corresponding
element m € Der'(L, L).
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Deformation cohomology

Cochains space.
Chr(L, L) := Der" (L, L)
Cdef @ Cdef(L L

n>0
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Deformation cohomology

Cochains space.
Chr(L, L) := Der" (L, L)
Cdef @ Cdef(L L

n>0

We endow it with a differential operator

5" (L L) — CREA(LL).
D — [m, D].
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: Deformation cohomology

Cochains space.

Clar(L L) = Der" (L, L)
Cdef @ Cdef(L L

n>0
We endow it with a differential operator

6" : Cgef(Lv L) — Ccrlgt_‘l(L’ L)v
D — [m, D].

Proposition

(Cher(L, L), 6%) is a cochain complex.

We define H7-(L, L) = ker(6™)/im(5"1).
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: main results

Definition

Let (A, L, p) be a Lie-Rinehart superalgebra, and let
m € Der(L, L) be the corresponding super-multiderivation. A
deformation of m is given by

me: Lx L—s L[]

(Xay) — Z timi(X7y)a mp=m, mj € Derl(L, L)v
i>0

Moreover, m: must verify [m;, m;] = 0, the bracket being the
Z-graded bracket on C}¢(L[[t]], L[[t]]).
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: main results

@ Let m; be a deformation of a Lie-Rinehart superalgebra (A, L, p). Then
the infinitesimal my is a 2-cocycle with respect to the deformation
cohomology.
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Lie-Rinehart superalgebras in characteristic 0

Deformation theory: main results

@ Let m; be a deformation of a Lie-Rinehart superalgebra (A, L, p). Then
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@ Any non-trivial deformation of m € Der'(L, L) is equivalent to a
deformation whose infinitesimal is not a coboundary.
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Classification
Super-multiderivations
Cohomology and deformations

Lie-Rinehart superalgebras in characteristic 0

Deformation theory: main results

@ Let m; be a deformation of a Lie-Rinehart superalgebra (A, L, p). Then
the infinitesimal my is a 2-cocycle with respect to the deformation
cohomology.

@ Any non-trivial deformation of m € Der'(L, L) is equivalent to a
deformation whose infinitesimal is not a coboundary.

= If H3,+(L, L) = 0, any deformation is equivalent to the trivial deformation.

Theorem (Obstructions)

|

Let N > 0. A deformation of order N given by m; = Z t'mi(x,y) can be

i=0
extended to a deformation of order N + 1 if and only if the 3-cocycle obsy is a
3-coboundary, with

obsu(x,y,2) = Y mi(x, mi(y,2))=mi(m;(x, y), 2)=(=1)"¥ mi(y, mj(x, 2)).

i+j=N
i,j>0
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 . . e
m le-Rinehart algebras | "’ TIStic p - The particular case of the characteristic p = 2

Positive characteristic - restricted Lie algebras

Let IF a field of characteristic p > 2 and A an associative
F-algebra. With the commutator, it's a Lie algebra. The adjoint
representation is then given by

adx(y) = xy — yx.
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m le-Rinehart algebras | "’ TIStic p - The particular case of the characteristic p = 2

Positive characteristic - restricted Lie algebras

Let IF a field of characteristic p > 2 and A an associative
F-algebra. With the commutator, it's a Lie algebra. The adjoint
representation is then given by

adx(y) = xy — yx.

Let m > 0. A quick computation gives

m
ad?(y Z ( > )" xdyx™
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 . . e
m le-Rinehart algebras | "’ TIStic p - The particular case of the characteristic p = 2

Positive characteristic - restricted Lie algebras

Let IF a field of characteristic p > 2 and A an associative
F-algebra. With the commutator, it's a Lie algebra. The adjoint
representation is then given by

adx(y) = xy — yx.

Let m > 0. A quick computation gives

m
ad?(y Z ( > )" xdyx™
Jj=0

Then, if m = p, we obtain

adf(y) = xPy — yxP = adxe(y).
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Restricted Lie algebras and their cohomology
Deformations of icted Lie-Rinehart a
The particular f the characteristi

Restricted Lie-Rinehart algebras in characteristic p > 0

Positive characteristic - the p-mappings

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (~)["] L— L
satisfying

Q ()P =Xl x e, XeF;

Nathan Jacobson (1910-1999) )
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Ri r

Restricted Lie-Rinehart algebras in characteristic p > 0 . .
m e rt algebras | "’ TIStic p - The particular case of the characteristic p

Positive characteristic - the p-mappings

Definition (Jacobson)

A restricted Lie algebra is a Lie algebra L equipped with a map (~)["] L— L
satisfying

Q X =XxPl x e, NeF,; =y
A‘ -
8-

e [va[P]]:[[”’[X7y]7y]v"'7}/]r' &..

Nathan Jacobson (1910-1999) )
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-R

Restricted Lie-Rinehart algebras in characteristic p > 0 °
m fert rt algebras | " ristic p - The particular case of the characteristic

Positive characteristic - the p-mappings

Definition (Jacobson)

A restricted Lie algebra /s a Lie algebra L equipped with a map (-)[P] L— L
satisfying
Q@ )P =x3xPl x e, AeF; LM..N
p terms SIS
) P
@ [xy¥] = [l x5l - ok &..
p—1
Q (x+y)P = x4 ylel 4 Z si(x,y), Nathan Jacobson (1910-1999)
i=1
with is;(x, y) the coefficient of Z'=* in ad‘}xiy(x). Such a map (=)' : L — L
is called p-map.
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Restricted Lie algebras and their cohomology
. s o . . Deformations of restricted Lie-Rinehart algebras, p > 2
Restricted Lie-Rinehart algebras in characteristic p > 0 N . © . 73 1art alg - F
The particular case of the characteristic p = 2

Positive characteristic - the p-mappings

Definition (Jacobson)

A restricted Lie algebra /s a Lie algebra L equipped with a map (4)["] L— L
satisfying
Q@ )P =X« x e, AeTF; L’h
p terms T
———— ) W
g I:Xz.y[p]]:[["'[X7y]7y]7"'7y]'. &h
p—1
Q (x+y)P =xlPl 4 Il 4 Z si(x,y), Nathan Jacobson (1910-1999)
i=1
with isi(x, y) the coefficient of Z'~* in ad‘;iy(x). Such a map (—)P: L — L
is called p-map.

Restricted module: A [-module M is called restricted if
p terms

—
Xl m= (X-(X~~(X~m)~~~)>, Vx €L meM.
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Restricted Lie algebras and thelr cohomology
Defo ntlun: of

Restricted Lie-Rinehart algebras in characteristic p > 0 T (2

An example

An example: the Witt algebra W(1). Let char (F) =p > 5. We
define

W(l) = Span{efla €, ", epf2}
endowed with the bracket

(= i)ewss if i+j€{-1 p—2};

€i, & = .
[ J] 0 otherwise;
(ol _ e([)p] = ¢o;

d th
one The pmap & el =0 ifi 0.

Ernst Witt (1911-1991)
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rineha
The particular case of the characteristic

Restricted Lie-Rinehart algebras in characteristic p > 0

Restricted cohomology of restricted Lie algebras

¢

Tyler Evans Dmitry Fuchs Gerhard Hochschild

Definition (Restricted 2-cochains; Evans, Fuchs)

Let ¢ € CZ(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w has the (x)-property w.r.t ¢ if

O w(Ax) =X Nuw(x), NeF, xeL;
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2
The particular case of the characteristic p = 2

Restricted Lie-Rinehart algebras in characteristic p > 0

Restricted cohomology of restricted Lie algebras

¢

Tyler Evans Dmitry Fuchs Gerhard Hochschild

Definition (Restricted 2-cochains; Evans, Fuchs)

Let ¢ € CZ(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w has the (x)-property w.r.t ¢ if

O w(Ax) =X Nuw(x), NeF, xeL;
Q wix+y) =wlx)+wly)+

1 22
ﬁ (- )kXp Ko—k+1P([[--[x1, x2], X3y Xp—k—1]s Xp—k);
=0

>

Xj=X ory
x1=x, xp=y

with x,y € L, (x) the number of factors x; equal to x.
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2
The particular case of the characteristic p = 2

Restricted Lie-Rinehart algebras in characteristic p > 0

Restricted cohomology of restricted Lie algebras

¢

Tyler Evans Dmitry Fuchs Gerhard Hochschild

Definition (Restricted 2-cochains; Evans, Fuchs)

Let ¢ € CZ(L, M) (ordinary Chevalley-Eilenberg 2-cochain) and w : L — M.
Then w has the (x)-property w.r.t ¢ if

O w(Ax) =X Nuw(x), NeF, xeL;
Q wix+y) =wlx)+wly)+

1 22
ﬁ (- )kXp Ko—k+1P([[--[x1, x2], X3y Xp—k—1]s Xp—k);
=0

>

Xj=X ory
x1=x, xp=y

with x,y € L, (x) the number of factors x; equal to x.

e (L,M) = {(p,w), ¢ € Cée(L, M), w has the (x)-property w.r.t ¢}

16/33



Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 . . e
m le-Rinehart algebras | "’ TIStic p - The particular case of the characteristic p = 2

Restricted cohomology of restricted Lie algebras

o A restricted 2-cocycle is an element (o, 3) € €(L, M) such
that

@ « is an ordinary Chevalley-Eilenberg 2-cocycle;

e a(ij[P]) - Z (_1)iyia [Xv}/7"’ v}/]vy + Xﬂ(y)zo

itj=p-1 j terms
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 . e
m le-Rinehart algebras | "’ TIStic p - The particular of the characteristic p = 2

Restricted cohomology of restricted Lie algebras

o A restricted 2-cocycle is an element (o, 3) € €(L, M) such
that

@ « is an ordinary Chevalley-Eilenberg 2-cocycle;

e a(ij[P]) - Z (_1)iyia [Xv}/7"’ v}/]vy + Xﬂ(y)zo

itj=p-1 j terms

o A restricted 2-coboundary is an element (a, ) € €?(L, M)
such that 3¢ € Hom(L, M),

Q alx,y) = v ([x, y]) = xp(y) + ye(x);
Q B(x) = ¢ (xIPl) — xP=1p(x).
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Restricted Lie algebras and thelr cohomology
Deformations of r s
The particular case o

Restricted Lie-Rinehart algebras in characteristic p > 0

We are in the following situation:

0 1 2
0 — (L, M) & el My L @2(L, M) L ¢3(L, M)

with d0 d

18/33



Restricted Lie algebras and their cohomology
Deformations of r cted Lie-Ri
The particular ¢ the characteristic p

Restricted Lie-Rinehart algebras in characteristic p > 0

Example: Heisenberg algebras, p > 2

Definition (Heisenberg algebra)

The three dimensional Heisenberg algebra H is spanned by elements x,y,z and
equipped with the Lie bracket [-,-] defined by

[x,y] =z, [x,2z] = [y,z] = 0.

Werner Heisenberg (1901-1976)

19/33



Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2
The particular case of the characteristic p = 2

Restricted Lie-Rinehart algebras in characteristic p > 0

Example: Heisenberg algebras, p > 2

Definition (Heisenberg algebra)

The three dimensional Heisenberg algebra H is spanned by elements x,y,z and
equipped with the Lie bracket [-,-] defined by

[x,y] =z, [x,2z] = [y,z] = 0.

Werner Heisenberg (1901-1976)

Proposition

There are up to isomorphism three restricted Heisenberg algebras given by
Q X = ylPl = 7Pl — 0, denoted by (#,0);
Q xP =z yWP = 7Pl — 0, denoted by (H, x*);
Q xPl =yl =0, ZPl = 7 denoted by (#,z*);
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2
The particular case of the characteristic p = 2

Restricted Lie-Rinehart algebras in characteristic p > 0

Example: Heisenberg algebras, p > 2

Definition (Heisenberg algebra)

The three dimensional Heisenberg algebra H is spanned by elements x,y,z and
equipped with the Lie bracket [-,-] defined by

[x,y] =z, [x,2z] = [y,z] = 0.

Werner Heisenberg (1901-1976)

Proposition

There are up to isomorphism three restricted Heisenberg algebras given by
Q X = ylPl = 7Pl — 0, denoted by (#,0);
Q xP =z yWP = 7Pl — 0, denoted by (H, x*);
Q xPl =yl =0, ZPl = 7 denoted by (#,z*);

For all u,v € H, we have (u+ v)P! = (u)P! 4 (v)P.
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebr.

Restricted Lie-Rinehart algebras in characteristic p > 0 . e
m e rt algebras | "’ nistic p - The particular case of the characteristic p =

Restricted cohomology with adjoint coefficients

Theorem (Second ¢ ology group with adjoint coefficients, p > 3)

We have dimg (H2(#,0)) = 8 and dimg (H?(H,x*)) = dimg (H?(H,z*)) = 4.

e A basis for H?>(#,0) is given by
{(¢1,0), (¥2,0), (3,0), (¢4, 0), (¢s5,0), (0, w1), (0,w2), (0,ws)}, with

e1(x,2) = z; @a(y,2) = z; @3(x,2) = —p3(y, 2) = X;
wa(x,2) = y; ws(y,2) =y;
wi(x) = z; wa(y) = z; w3(z) = z.

e A basis for H*>(H, x*) is given by {(1,0), (#2,0), (0,w1), (0,w2)}, with

p1(x,y) =X p2(x,y) = yi wi(y) = z; wa(2) = 2.
e A basis for H*(#,z*) is given by {(1,0), (¢2,0), (0,w1), (0,w2)}, with

w1(x,y) = x; pa(x,¥) = y; wi(y) = z; wa(x) = z.
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 - . S
m le-Rinehart algebras | "’ TIStic p - The particular case of the characteristic p = 2

Restricted Lie-Rinehart Algebras.

Let A be an associative commutative algebra.

@ (A,Der(A),id) is an ordinary Lie-Rinehart algebra;
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Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 - . S
m le-Rinehart algebras | "’ TIStic p - The particular case of the characteristic p = 2

Restricted Lie-Rinehart Algebras.

Let A be an associative commutative algebra.

@ (A,Der(A),id) is an ordinary Lie-Rinehart algebra;

o (Der(A),(:)P) is a restricted Lie algebra;
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Restricted Lie-Rinehart Algebras.

Let A be an associative commutative algebra.

@ (A,Der(A),id) is an ordinary Lie-Rinehart algebra;
o (Der(A),(-)P) is a restricted Lie algebra;
o If D € Der(A) and a € A, we have (Hochschild)

(aD)P = aPDP + (aD)P~1(a)D.
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Restricted Lie-Rinehart Algebras.

Definition

Let A be an associative commutative algebra and L a Lie algebra
over a field F of characteristic p. Then (A, L) is a restricted
Lie-Rinehart algebra if

@ (A, L) is a Lie-Rinehart algebra, with anchor map
p: L — Der(A);

Q (L, (-)[P]> is a restricted Lie algebra;

@ p(xIP) = p(x)?;

Q (ax)lPl = aPxlPl 4 p(ax)P~1(a)x, a€ A, x € L.

22/33



Restricted Lie algebras and their cohomology
Deformations of restricted Lie-Rinehart algebras, p > 2

Restricted Lie-Rinehart algebras in characteristic p > 0 - . S
m e rt algebras | "’ nistic p - The particular case of the characteristic p = 2

Restricted Lie-Rinehart Algebras.

Definition

Let A be an associative commutative algebra and L a Lie algebra
over a field F of characteristic p. Then (A, L) is a restricted
Lie-Rinehart algebra if

Q (A, L) is a Lie-Rinehart algebra, with anchor map
p: L — Der(A);

Q (L, (-)[P]> is a restricted Lie algebra;

@ p(xlPl) = p(x)P;
Q (ax)lPl = aPxlPl ¢ p(ax)P~1(a)x, a € A, x € L.

Hochschild : (aD)P = aPDP + (aD)P~1(a)D.
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Restricted Lie-Rinehart Algebras.

Definition

Let A be an associative commutative algebra and L a Lie algebra
over a field F of characteristic p. Then (A, L) is a restricted
Lie-Rinehart algebra if

Q (A, L) is a Lie-Rinehart algebra, with anchor map
p: L — Der(A);

Q (L, (-)[P]> is a restricted Lie algebra;

@ p(xlPl) = p(x)P;
Q (ax)lPl = aPxlPl ¢ p(ax)P~1(a)x, a € A, x € L.

Example: The Witt algebra with A = F[x]/(xP — 1).
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Definition

Let (A, L, p) be a restricted Lie-Rinehart algebra.
A restricted multiderivation (of order 1) is a pair (m,w), where m: L x L — L is
skew-symmetric, w is p-homogeneous and satisfies
p—1
wix +y) = w) +wly) + > 0i(xy), (1)
i=1
] ~ -1
where i0;(x, y) is the coefficient of Z'=1 in (adm(Zx + y))p (x), with

adm(x)(y) := m(x, y), such that it exists a map om : L — Der(A) called restricted
symbol map which must satisfy the following four conditions, for x,y € L and a € A:

o(ax) = ao(x); (2)

m(x,ay) = am(x,y) + o(x)(a)y; 3)
o ow(x) = o(x)P; (4)
w(ax) = aP w(x) + o(ax)P~L(a)x. (5)/
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Proposition

Let A be an associative commutative algebra and L a Lie algebra.

There is a one-to-one correspondence between restricted Lie-Rinehart
algebras structures on the pair (A, L) and restricted multiderivations of
order 1 such that (Vx,y € L)

m(x, m(y, 2)) + m(y, m(z, x)) + m(z, m(x, y)) = 0 (6)
and
p terms
m(x,w(y)) = m(m(...m(x, y),y), -, y) (7))
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Restricted Formal Deformations

A formal deformation of (m,w) is given, for x,y € L, by two applications

me (X, y) — Z 1.“im;(x,y)7 Wt : X —> Z tij'(X),

i>0 j>0

with mo = m, wo = w, and (mj,w;) restricted multiderivations. Moreover, the
four following conditions must be satisfied, for x,y,z € L, and a € A:

me(x, me(y, 2))e + me(y, me(z,x)) + me(z, me(x, y)) = 0; (8)
p terms
mz (X7wf(y))t = mt(mt(' o mt(xf.)/)a}/)’ to 7.)/); (9)
K

D oi(weix)) @)= > ou(x)o-0a(x)(a), Yk>0;  (10)

i=0 iy =k
O’k(X)p71 = Z oy (x)oap(x)o---oi,_,(x) Yk >0; (11)

it ip_1=k
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Restricted Formal Deformations

o Let (my,w¢) be a restricted deformation of (m,w). Then
(m1,w1) is a 2-cocyle of the restricted cohomology.
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Restricted Formal Deformations

o Let (my,w¢) be a restricted deformation of (m,w). Then
(m1,w1) is a 2-cocyle of the restricted cohomology.

o Let (my,we) and (m),w}) be two equivalent formal
deformations of (m,w). Then, their infinitesimal elements are
in the same cohomological class.
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Restricted Lie-Rinehart algebras in characteristic p > 0

Characteristic p = 2

Definition
A restricted Lie algebra in characteristic p = 2 is a Lie algebra L
endowed with a map (-)1? : L — L satisfying

QO M)A =X xel, AeF;
@ [x,y1] =[x,y
@ (x+y)P =xP 4y +[x,y].
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Restricted Lie-Rinehart algebras in characteristic p > 0

Characteristic p = 2

Definition
A restricted Lie algebra in characteristic p = 2 is a Lie algebra L
endowed with a map (-)1? : L — L satisfying

QO M)A =X xel, AeF;
@ [x.y¥] =[xyl
@ (x+y)P =xP 4y +[x,y].

~> the third relation gives a key to understand the cohomology.
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Characteristic p = 2

A pair (p,w) with ¢ : AL — M and w: L"1 — Misa
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o W()\X, 22, aznfl) = >\2W(X722a e 7Zn)7 >\ S F,
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Restricted Lie-Rinehart algebras in characteristic p > 0 Tz e By cse of die dinmaiic p = 2

Characteristic p = 2

A pair (p,w) with ¢ : AL — M and w: L"1 — Misa
n-cochain if

o W()\X, 22, aznfl) = >\2W(X722a e 7Zn)7 >\ S F,

@ w is multilinear in zp,--- , z,_1;
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Restricted Lie-Rinehart algebras in characteristic p > 0 Tz perislEy cse 6f die diamseicie pi

Characteristic p = 2

A pair (p,w) with ¢ : AL — M and w: L"1 — Misa
n-cochain if

o W()\X, 22, aznfl) — >\2W(X722a e 7Zn)7 >\ S F,
@ w is multilinear in zp,--- , z,_1;
QW(X+y,22,-~-,zn_1):

w(sz27' o 7znfl)+w(yaz2v e ,anl)Jr(P(vavZZa e ,anl).

We denote the spaces thus obtained by €5(L, M).
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Characteristic p = 2
We build the differential maps d” : €3(L, M) — ¢5F1(L, M).
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Restricted Lie-Rinehart algebras in characteristic p > 0 Tz perislEy cse 6f die diamseicie pi

Characteristic p = 2
We build the differential maps d” : €3(L, M) — ¢5F1(L, M).
Let dJ (¢, w) = (dge(g), 6" (w)), with

6"w(x,zp, -, 2p) = x - (X, 22, , Zn)
n
—1—22,--w(X,ZQ,...,z“,-,...,z,,)
i=2
+(p(X[2],Z2,--- 7Zn)
n
+ZQ0([X721']7X7227”' 721'7”' 7Zn)

i=2
+ Z W(X,[Z,',ZJ‘],ZQ,“',2,‘,“',2,‘,"',2,,).
1<i<j<n
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Characteristic p = 2

Then :

Proposition
@ Let (p,w) € €5(L, M). Then (dgg (), 8"(w)) € €3L(L, M),
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Restricted Lie-Rinehart algebras in characteristic p > 0

Characteristic p = 2

Then :

Proposition
@ Let (p,w) € €5(L, M). Then (dgg (), 8"(w)) € €3L(L, M),

Q@ ™lods"=0.
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Restricted Lie-Rinehart algebras in characteristic p > 0

Characteristic p = 2

Then :

Proposition
@ Let (p,w) € €5(L, M). Then (dgg (), 8"(w)) € €3L(L, M),
Q "tlod" =0.

~» We can build a new full cochains complex for p = 2. With this
complex, we obtain the same deformation results as those obtained
with the Evans-Fuchs formulas for p > 2.

30/33



Perspectives

Research perspectives and ongoing works

o Classification of restricted nilpotent Lie superalgebras
(Bouarroudj, Makhlouf);

@ Lie-Rinehart superalgebras in charactersitic p = 2;

@ Representations of restricted Lie-Rinehart algebras (Futorny,
Makhlouf);

@ Nijenhuis-Richardson algebra for restricted Lie algebras.
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Perspectives

Publications

Journal papers

@ Q. Ehret, A. Makhlouf, On Deformations and Classification of Lie-Rinehart
Superalgebras, Communications in Mathematics 30 (2022), no. 2, 67-92.

@ S. Bouarroudj, Q. Ehret, Y. Maeda, Symplectic double extensions for restricted
quasi-Frobenius Lie (super)algebras, arXiv:2301.12385, accepted in SIGMA,
Special Issue on Differential Geometry Inspired by Mathematical Physics in honor of Jean-Pierre

Bourguignon for his 75th birthday.

Preprints

@ Q. Ehret, A. Makhlouf, Deformations and Cohomology of restricted Lie-Rinehart
algebras in positive characteristic, arXiv:2305.16425v1.

@ Q. Ehret, A. Hajjaji, S. Mabrouk, A. Makhlouf, On Leibniz-Rinehart
Superalgebras, in preparation.
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Last Slide of the Day

Thank you for your attention!

Merci pour votre attention!
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