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The General Compression Model ..
Image Inpainting

Compression by Inpainting

The Homogeneous Diffusion Case

Goal : reconstruct missing parts of an image f : D — [0, 1] from a
set K C D of known pixels.
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Figure — Image Inpainting
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The General Compression Model ..
Image Inpainting

Compression by Inpainting

The Homogeneous Diffusion Case

General model of PDE-based inpainting : For a given K C D,
A(u) =0, in D\ K,

u=f, inK, (1)
% =0, ondD,

where
@ A is the inpainting operator,
@ u is the reconstructed image (inpainted image),

@ f is the original image, available on K only.

Thomas Jacumin (Joint work with Z. Belhachmi) Optimal Interpolation Data for PDE-Based Compression o



The General Compression Model

Image Inpainting
Compression by Inpainting
The Homogeneous Diffusion Case

(a) input (b) linear diff. (c) biharmonic (d) triharmonic  (e) AMLE

Eididi4

(f) Charb. (g) reg. Charb. (h) EED (i) BM (j) Tschumperlé

Figure — Examples.

Christian Schmaltz et al. “Understanding, Optimising, and Extending Data
Compression with Anisotropic Diffusion”. In : International Journal of Computer Vision
108 (le' Juill. 2014). doi : 10.1007/s11263-014-0702-z
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The General Compression Model

Image Inpainting
Compression by Inpainting

The Homogeneous Diffusion Case

We remove parts of the image and reconstruct them by inpainting :

Figure — Compression by Inpainting.
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The General Compression Model

Image Inpainting
Compression by Inpainting

The Homogeneous Diffusion Case

We remove parts of the image and reconstruct them by inpainting :

Figure — Compression by Inpainting.

The compression is lossy :
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The General Compression Model

Image Inpainting
Compression by Inpainting

The Homogeneous Diffusion Case

We remove parts of the image and reconstruct them by inpainting :

Figure — Compression by Inpainting.

The compression is lossy :  for a given reconstruction method, how
to choose K such that u and f are close?
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The General Compression Model ..
Image Inpainting

Compression by Inpainting
The Homogeneous Diffusion Case

Compression problem

Find a subset K of known pixels solution of,

min E(u uyk solution of an inpainting problem},
KCD, cap(K)gc{ ( K) | K 2 5P }

where cap is the set capacity,

cap(K) := inf{/ IVul? dx+/ u? dx ’u € H¥(D), u=1ae. in K},
D D
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The General Compression Model ..
Image Inpainting

Compression by Inpainting
The Homogeneous Diffusion Case

Compression problem

Find a subset K of known pixels solution of,

min E(u uyk solution of an inpainting problem},
KCD, cap(K)gc{ ( K) | K 2 5P }

where cap is the set capacity,
cap(K) := inf{/ IVul? dx+/ u? dx ’u € H¥(D), u=1ae. in K},
D D

The existence of a solution depends on the inpainting problem
and on the error €.
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The General Compression Model ..
Image Inpainting

Compression by Inpainting

The Homogeneous Diffusion Case

If the inpainting is the homogeneous diffusion inpainting i.e.
A(u) = Au,
and if the error is
E(u) =|u— f|H1(D)a
then, the compression problem admits at least a (relaxed) solution

in a suitable sense.

Zakaria Belhachmi et al. “How to Choose Interpolation Data in Images”. In : SIAM
Journal of Applied Mathematics 70 (1% jan. 2009), p. 333-352. doi :
10.1137/080716396
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The General Compression Model

Image Inpainting
Compression by Inpainting
The Homogeneous Diffusion Case

(a) K (Hz-T).

(¢) K (Hi-H).

(e) Kk (H1-T). (f) ux (H1-T). (8) K (H1-H).
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The Model Considering Noise

Outline

© The Model Considering Noise
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The Model Considering Noise

Compression problem

For a n € N fixed, find a subset K, of known pixels solution of,

K,CD. éQI(Kn)gcn{g(uK") | uk, solution of (3)}, (2)

with
E(U):/ |u—f]2 dx—|—a/ |Vu—Vf|2 dx,
D D

and the inpainting problem

—alAu+u=u", in D\ K,
u= f, in Kn7 (3)
% =0, on 0D.
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The Model Considering Noise

Formally,
—aAu+u=u", in D\ K,,
u="r, in K,
gu =, on 8D,
is a discretization in time of
Oru(t, ) — Au(t,-) =0, in D\ K,
u(t,)y =1, in K,
8”ES§") =0, ondD,

with u(0,-) = uo, in D, for a given up.
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The Model Considering Noise

Formally,
—aAu+u=u", in D\ K,,
u="r, in K,
gu =, on 8D,
is a discretization in time of
Oru(t, ) — Au(t,-) =0, in D\ K,
u(t,)y =1, in K,
8”ES§") =0, ondD,

with u(0,-) = uo, in D, for a given up.

e We focus on a fixed iteration n for a given u".
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The Model Considering Noise

Proposition

The compression problem (4) is equivalent, for 5 > 0, to

. (07 2 1 n\2
su min  — Vu dx+/ u—u dx
K,,ng ueH(D) 2 /D| | 2 D( )

+ / (u— f)2 dook, — B cap(ook,)-
D

Compression problem

For a n € N fixed, find a subset K,, of known pixels solution of,

inf lution of (3 4
K,CD, cltgp(K,,)gc,,{g(uK") | uk, solution of (3)}, (4)

v
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The compression problem (4) is equivalent, for 5 > 0, to

The Model Considering Noise

sup min / |Vul? dx + = /(u— u")? dx

K,CD uEHl (D) 2

+ /D(u — )2 door, ) — B cap(ook,).

o [p|Vul? dx+ [p(u—u")? dx

Fu(u) = + [plu—F)? dp, if Ju| < |fle,
~+00, otherwise,
E = in F, .
(1) Smin u(u)
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Analysis of the Model
Min-max Formulation
The Relaxed Problem

The Model Considering Noise

We have,

sup  (E(ook,)—Bcap(ook,)) = max  (E(un)—Bcap(pn)).
Kneks(D) pn€EMS(D)
with, for § > 0,

D% :={xeD|d(x,0D) > 6} C D,

K°(D) :={K C D | K closed, K C D%},

and

MQ(D) :={p € Mo(D) | ulp\p-s = 0} € Mo(D).
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Topological Gradient
A Construction of the Optimal Set Fat pixels

© A Construction of the Optimal Set
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Topological Gradient

A Construction of the Optimal Set Fat pixels

Let us denote by j the functional

1
JiACD— min /(u—u) dx + - /Vu|2dx
ueHY(D), u= FinA2

We have

Proposition

With notations from above, we have when € tends to 0,

J(KE) = j(Kn) = 7 (u"(x0) = f(x0) + aAf (x0)) €2 In(e) + O(&?).

The result above suggests to keep the points xy where
|u"(x0) — f(x0) + aAf(x0)| is maximal, when & small enough.
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Topological Gradient

A Construction of the Optimal Set Fat pixels

For m > 0 and k € N, we define

k
A= {D0J B 1) | x5 € Dy, 1= mk 2},
i=1

where D, is the r-neighborhood of D.
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Topological Gradient

A Construction of the Optimal Set Fat pixels

For m > 0 and k € N, we define

k
A= {D0J B 1) | x5 € Dy, 1= mk 2},
i=1

where D, is the r-neighborhood of D. We consider the

compression problem for every K, € A, i i.e.

min {E(UKH) ‘ uk, solution of the inpainting problem}.
Kne-Am,k
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Topological Gradient

A Construction of the Optimal Set Fat pixels

For m > 0 and k € N, we define
k —
Amk 1= {5ﬂ U B(xi,r) ’ xi €Dy, r= mk*1/2},
i=1

where D, is the r-neighborhood of D. We consider the
compression problem for every K, € A, i i.e.

min {E(UKH) ‘ uk, solution of the inpainting problem}.
Kne-Am,k

It can be written as a compliance problem i.e.

min {/ g"(uk,—f) dx ‘ uk, solution of the inpainting problem},
KneAm,k D

with g" := u" — f + aAf.
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Topological Gradient

A Construction of the Optimal Set Fat pixels

We define the functional F} from P(D) into [0, +00] by

kag"(uKn—f) dx if EIKneAmJ(v St = UK,

Fl(p) =
k() +00 , otherwise,
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Topological Gradient

A Construction of the Optimal Set Fat pixels

We define the functional F} from P(D) into [0, +00] by

N k [5g"(uk, — ) dx , if 3K, € Api, st = puk,,
Fi(p) == .
+00 , otherwise,

1 k
where i, '= 7 > i1 0x;-

(F7)«k T-converge when k tends to 400 w.r.t. the weak x topology
in P(D) to

n\2
P = [ B 0(mun)”) o,

where p" := pldx +v" and 0 : R — R,.
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Topological Gradient

A Construction of the Optimal Set Fat pixels

(F7) k [-converge when k tends to +-0o0 w.r.t. the weak x topology
in P(D) to

Fre = [ E  o(muzy) ox ©

M3

where ;" 1= pldx +v" and 0 : R — Ry.

Giuseppe Buttazzo, Filippo Santambrogio et Nicolas Varchon. “Asymptotics of an
optimal compliance-location problem”. In : ESAIM : Control, Optimisation and
Calculus of Variations 12 (avr. 2005). doi : 10.1051/cocv:2006020
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Topological Gradient

A Construction of the Optimal Set Fat pixels

(F7) k [-converge when k tends to +-0o0 w.r.t. the weak x topology
in P(D) to

Fn(ﬂn) :/D(gn)ze(m(ug)l/2) dX, (5)

M3

where ;" 1= pldx +v" and 0 : R — Ry.

Giuseppe Buttazzo, Filippo Santambrogio et Nicolas Varchon. “Asymptotics of an
optimal compliance-location problem”. In : ESAIM : Control, Optimisation and
Calculus of Variations 12 (avr. 2005). doi : 10.1051/cocv:2006020

Formally, Euler-Lagrange equation gives : to minimize (5) one have to
take
(Ug)2/|1 —log pl| ~ cm s (u" — f + aAf)?.

=: g"
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Algorithms
Numerical Results

. Improving the Denoisin
Numerical Results P g g

Outline

@ Numerical Results
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Algorithms
Numerical Results
Improving the Denoising

Numerical Results

Data: Original (noisy) image f, parameter a > 0, desired
pixel density ¢ € (0,1), number of iterations N € N*.
Result: Inpainting mask K C D, last reconstruction u™.
1 W0« f;
2 fornin{0,...,N—1} do
3 Save in K the c|D] pixel by using |u" — f + aAf|;
4 Compute u"*!, solution of the inpainting problem;

5 end

Algorithm 1: L2-INSTA.
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Algorithms

Numerical Results
Improving the Denoising

Numerical Results

Data: Original (noisy) image f, parameter a > 0, fraction g
of pixel added, desired pixel density ¢ € (0,1).
Result: Inpainting mask K C D, last reconstruction ul.
10« f;
2 K« 0;
3 n+0;
4 while |K| < c¢|D| do
5 Add the g |D] pixels in D\ K to K by using
|u" — f + aAf];
6 Compute u"*!, solution of the inpainting problem;
7 n+<n+1;
8 end

Algorithm 2: [2-INC.
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Algorithms
Numerical Results
Improving the Denoising

Numerical Results

(i) K (H2-T). (J) uk (H1-T). (k) K (H1-H).

(m) K (L2-InSTA-H). (n) ug (L2-INSTA-H).  (0) K (L2-INC-T).  (P) uk (L2-INC-T).
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Algorithms
Numerical Results
Improving the Denoising

Numerical Results

e Observation : u" is less noisy than f :
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Algorithms
Numerical Results

Improving the Denoising

Numerical Results

e Observation : u"

min / luk, — u"|* dx + = / IV (uk, — u™)|? dx },
KnCD, cap(Kp)<

with uk, solution of

is less noisy than 7 : we replace f by u" i.e.

— n H
u—alAu=u", in D\ K,
— n H

u=u", in K,

% =0, ondD.
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Algorithms
Numerical Results

Improving the Denoising

Numerical Results

e Observation : u"

min / luk, — u"|* dx + = / IV (uk, — u™)|? dx },
KnCD, cap(Kp)<

with wu, solution of

is less noisy than 7 : we replace f by u" i.e.

— n H
u—alAu=u", in D\ K,
— n N

u=u", in K,

% =0, ondD.

e Previous criterion : |u" — f 4+ aAf|,
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Algorithms
Numerical Results

Improving the Denoising

Numerical Results

e Observation : u"

min / luk, — u"|* dx + = / IV (uk, — u™)|? dx },
KnCD, cap(Kp)<

with wu, solution of

is less noisy than 7 : we replace f by u" i.e.

— n H
u—alAu=u", in D\ K,
— n N

u=u", in K,

% =0, ondD.

e Previous criterion : |u" — f 4+ aAf|,
e New criterion : |u" — u" + aAu"| = a|Au"|.
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Algorithms
Numerical Results
Improving the Denoising

Numerical Results

(a) & (L2-InC). (s) K (L2-inC). (t) uk (L2-INC).

J

(u) K (L2-inc-E). (V) uk (L2-INC-E). (W) K (L2-INC-E).  (X) uk (L2-INC-E).
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Thanks for your attention |
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