PDE-Based Image Compression

Thomas Jacumin (joint work with Zakaria Belhachmi)

January 29, 2026



@ JPEG



e An image is divided into blocks of size 8 x 8 pixels

F:{1,...,8}%2 = [0,1].
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JPEG

e An image is divided into blocks of size 8 x 8 pixels
F:{1,...,8}> = [0,1].

e F is decomposed:

F = ZC,'(D,'
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Figure: The 64 base images ®; for the JPEG standard.
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JPEG

e An image is divided into blocks of size 8 x 8 pixels
F:{1,...,8}> = [0,1].

e F is decomposed:

F = ZC,'(D,'

(A ) SEEE
mAEN |
s Nl SE=E
=t A e

Figure: The 64 base images ®; for the JPEG standard.

e We save the ¢; for each block.
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Original JPEG JPEG2000 WEBP

Figure: Appearance of visual artifacts at high compression rates.
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© Modeling



Modeling Image Inpainting

Compression by Inpainting

Goal: Reconstruct a missing part of an image f : K C D — [0, 1]
given.
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Modeling Image Inpainting

Compression by Inpainting

Goal: Reconstruct a missing part of an image f : K C D — [0, 1]
given.

Inpainting
Find u: D — [0, 1] such that :

A(u)=0 inD\K,
u=f inK,
%:O on 0D,

with D being the support of the image, and A an operator (PDE).

v
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Modeling Image Inpainting
Compression by Inpainting

Heat equation

Figure: Some examples of image inpainting.
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Modeling Image Inpainting
Compression by Inpainting

Heat equation:
Oru=Au in[0,400[xD\ K,
u=1f in[0,+oo[xK,

% =0 on [0,+o0[xdD,

PDE-Based Image Compression
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Modeling Image Inpainting

Compression by Inpainting

Heat equation:

Oru=Au in[0,400[xD\ K,
u=1f in[0,+oo[xK,

% =0 on [0,+o0[xdD,

Unt1—Un

Time discretization: O;u ~ =",

u—alAu=uyy inD\K,
=f inK,

%:O on OD.

Thomas Jacumin (joint work with Zakaria Belhachmi) PDE-Based Image Compression



Modeling Image Inpainting

Compression by Inpainting

Heat equation:
Oru = Au  in [0,+00[xD\ K,
u="f in[0,+oo[xK,
9u — 0 on [0,400[xdD,

on
Time discretization: Qyu ~ =,
u—alAu=uy inD\K,
u="f inK,
gu =0 on dD.
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Modeling Image Inpainting

Compression by Inpainting

Heat equation:
Oru = Au  in [0,+00[xD\ K,
u="f in[0,+oo[xK,
9u — 0 on [0,400[xdD,

on
Time discretization: Qyu ~ =,
u—alAu=uy inD\K,
u="f inK,
gu =0 on dD.

Thomas Jacumin (joint work with Zakaria Belhachmi) PDE-Based Image Compression



Modeling Image Inpainting

Compression by Inpainting

Applications of inpainting:
@ Restoration,

@ Removal of unwanted elements (this is what interests us).

Thomas Jacumin (joint work with Zakaria Belhachmi) PDE-Based Image Compression



Modeling Image Inpainting

Compression by Inpainting

Compression : Decompression
_— § —————

Creation of K E 3 Inpainting
Original image f. Compressed image. Decompressed image u.

Figure: Compression by inpainting.
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Modeling Image Inpainting

Compression by Inpainting

Compression : Decompression
_— —_—

Creation of K 3 Inpainting
Original image f. Compressed image. Decompressed image u.

Figure: Compression by inpainting.

Which pixels to remove?
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Modeling Image Inpainting

Compression by Inpainting

Shape optimization problem:

min {S(UK) ‘ uk solution of the inpainting}7
KCD, m(K)<c
with
@ & the error between the decompressed image and the original
image,

@ m quantifies the size of K.
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Modeling Image Inpainting

Compression by Inpainting

Example of the importance of the choice of K: Only one pixel.
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Modeling Image Inpainting

Compression by Inpainting

Example of the importance of the choice of K: Only one pixel.
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Modeling Image Inpainting

Compression by Inpainting

Example of the importance of the choice of K: Only one pixel.

E(uk) large. E(uk) small +
denoising.
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Modeling Image Inpainting

Compression by Inpainting

If we consider that the image is noisy, we can remove this noise by
compressing.

Original Impulse noise Gaussian noise

Figure: Example of noise.
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Modeling Image Inpainting

Compression by Inpainting

If we consider that the image is noisy, we can remove this noise by
compressing.

Original Impulse noise Gaussian noise

Figure: Example of noise.

Classic in image processing: for a > 0,

muin{D(u, f)+ aR(u)}.
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Modeling Image Inpainting

Compression by Inpainting

Gaussian: we want a regular image close to f, but without
penalizing small deviations too much.
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Modeling Image Inpainting

Compression by Inpainting

Gaussian: we want a regular image close to f, but without
penalizing small deviations too much.

muin{;/D(u — ) dx + aR(u)}.
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Modeling Image Inpainting

Compression by Inpainting

Impulse noise: we want a regular image close to f, but without
penalizing large deviations too much.

Signal Cosinus avec bruit Salt & Pepper

== Signal Original (Cosinus)
—— signal avec bruit Salt & Pepper

Amplitude

-0.25

-0.50

-0.75

-1.00
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Modeling Image Inpainting

Compression by Inpainting

Impulse noise: we want a regular image close to f, but without
penalizing large deviations too much.

Signal Cosinus avec bruit Salt & Pepper

100 - -
075
0.50
025
€
ER == Signal Original (Cosinus)
g —— signal avec bruit Salt & Pepper
-0.25
-0.50
-0.75
-1.00

muin{/D lu— f| dx + oR(u)}.
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Modeling Image Inpainting

Compression by Inpainting

Compression problem

For1 <p <2,

1
min {/ lug — f|P dx ‘ uk solution of (1)},
KCD, m(K)<c \'p Jp

where
u—alAu=uy inD\K,
u="f inK, (1)
94 =0 ondD.
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Modeling Image Inpainting
Compression by Inpainting

Compression problem
For1 <p <2,

1
min {/ lug — f|P dx ‘ uk solution of (1)},
KCD, m(K)<c \'p Jp

where
u—alAu=uy inD\K,
u=1"Ff inK, (1)
94 =0 on dD.
Note:
e no R,
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Modeling

Image Inpainting
Compression by Inpainting

Compression problem

Forl1<p<2,
: 1 :
min {/ luk — f|P dx ‘ uk solution of (1)},
KCD, m(K)<c Lp Jp
where
u—alAu=uy inD\K,
u="f inK, (1)
gu=0 ondD.
Note:
e noR,

@ compression step:
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decompression step: ug = 0.
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Modeling

Image Inpainting
Compression by Inpainting

Compression problem

Forl1<p<2,
: 1 :
min {/ luk — f|P dx ‘ uk solution of (1)},
KCD, m(K)<c Lp Jp
where
u—alAu=uy inD\K,
u="f inK, (1)
gu=0 ondD.
Note:
e noR,

@ compression step: ug = f,

What remains is to determine m.

Thomas Jacumin (joint work with Zakaria Belhachmi)

decompression step: ug = 0.
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© Analysis



Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

m = L: Problem to penalize lines and points.

Example:
min |Vukl|? dx,
KCD, L(K)<c D\K
—_———
=T (uk)
where
—Auk +uk=1 inD\K,
ugk =0 in K,
uxk =0 on 0D.

Thomas Jacumin (joint work with Zakaria Belhachmi) PDE-Based Image Compression



Existence of a solution
Topological Gradient

Analysis

M

éthode de I'adjoint

Construction de |'ensemble optimal

m = L: Problem to penalize lines and points.

Example:

min
KCD, L(K)<c /p\K

where

—Aug +uk =1
UKIO
uxk =0

0.006

0.005

0.004

- 0003

0.002

0.001

0.000

‘VUKF dX7
T (uk)
in D\ K,

in K,
on OD.

— )
- Juo)
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Existence of a solution
Topological Gradient

Analysis

M

éthode de I'adjoint

Construction de |'ensemble optimal

m = L: Problem to penalize lines and points.

Example:

min
KCD, L(K)<c /p\K

where

—Aug +uk =1
UKIO
uxk =0

0.006

0.005

0.004

~ 0003

0.002

0.001

0.000

‘VUKF dX7
T (uk)
in D\ K,

in K,
on OD.

— )
- Juo)
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

m = H*: Problem to penalize points.

Example:
min / IVuk|? dx,
KCD, HY(K)<c JD\K
[ —
=:7 (uk)
where
—Aukx +uk=1 inD\K,
Uk = 0 in K,
uxk =0 on 0D.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

m = H*: Problem to penalize points.

Example:
min / IVuk|? dx,
KCD, HY(K)<c JD\K
[ —
=T (uk)
where
—Auk +uk =1 inD\K,
uk = 0 in K,
ux =0 on 9D.

We can construct a K such that
o HY(K)=0,
o J(uk) < J(up).
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

We need m:
@ proportional to the size of K,

@ quantifies how K influences the solution of the PDE.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

We need m:
@ proportional to the size of K,
@ quantifies how K influences the solution of the PDE.

m = cap (Capacity):

Definition (Capacity)

cap(K) := inf{/ |V ul? dx+/ U dx ‘ u € Hy(D),
D D

u=1ae. in K}.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

@ proportional to the size of K: if D = B(0, R), for sufficiently

small r,
—C

In(r)

cap(B(0,r)) =
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

@ proportional to the size of K: if D = B(0, R), for sufficiently

small r,
—C

In(r)

cap(B(O, r)) =

@ quantifies how K influences the solution of the PDE:

mf{/ |vu|2 dX+/ U2 dx ‘ uc H&(D)’ u> 1lae. in K},
D D
u solution:

—Au+u=0 inD\K,
u=1 in K.

Thomas Jacumin (joint work with Zakaria Belhachmi) PDE-Based Image Compression



Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

@ proportional to the size of K: if D = B(0, R), for sufficiently

small r,
—C

In(r)

cap(B(O, r)) =

@ quantifies how K influences the solution of the PDE:

|nf{/D|VU|2 dX+/;U2 dx ‘ uc H&(D)’ u> 1lae. in K},

u solution:
—Au+u=0 inD\K,
u=1 in K.

Proposition

cap(K) = 0 if and only if ux = uy.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

Compression problem

For1 <p <2,

1
min {/ |ug — f|P dx ‘ uk solution of (2)},
KCD, cap(K)<c L. p Jp

E(uk)

where
u—alAu=uy inD\K,
u="f inK, (2)
%:O on 0D.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

Compression problem

For1 <p <2,

1
min {/ |ug — f|P dx ‘ uk solution of (2)},
KCD, cap(K)<c L. p Jp

E(uk)
where
u—alAu=uy inD\K,
u="f inK, (2)
%:O on OD.

For p = 2, the compression problem admits a (relaxed) solution.
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

How to create it?
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

How to create it?

Definition (Topological gradient)

Let xp € D and K. = K U B(xp, €).
E(uk.) — E(ux) = p(e) G(x0) + o(p(e)),

where
@ p is a positive function going to zero as ¢ approaches zero,

@ G is the so-called topological gradient.
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

How to create it?

Definition (Topological gradient)

Let xp € D and K. = K U B(xp, €).
E(uk.) — E(ux) = p(e) G(x0) + o(p(e)),

where

@ p is a positive function going to zero as ¢ approaches zero,

@ G is the so-called topological gradient.

To minimize the cost functional, one has to create small holes at
the locations xg where G(xp) is the most negative.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

Setting vk = uk — f, we can write equivalently,

Problem

Find vk in HY(D) such that

—aAvk + vk = aAf inD\K,
VK =0 in K
8"“ =0 ondD.

For the analysis: K. := B(xp,¢€), V- := Vk. and vp := vp.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

Weak formulation: find v, in V. such that,

35(75780) - l&‘(@)? VQO e Vé‘a
with
V.:={veH(D\B.)|v=0o0ndB.},

a:(Ve, ) =« Vv. -V dx+/ Ve @ dx,
D\B: D\B:

l(¢) = / hy dx.
D\B.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

we suppose that there exists

@ a continuous bilinear form da: V x V — R,

@ a continuous linear form 6/ : V — R,

@ a function p: Ry — R such that, for all € > 0,
such that

o lla: — a0 — p() dall 3wy = o(p(<)),

o ||l —1lo— p() 81|l vy = o(p(e)),

e lim._0p(e) =0.
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

Let v. € V be the solution of the following problem : find v € V
such that,

a:(v,¢) = k(p), Vo e V.
Let wy be the solution of the so-called adjoint problem: find w € V

such that

20(i,0) = —DE(T)p = —/Dvo|v~ov’2¢ dx, Y€ V.

Then,

E(72) — E(7) = ple) (3a(Ts, o) — 51(W)) + o(p(c)).
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de |'ensemble optimal

Let v. € V be the solution of the following problem : find v € V
such that,

a:(v,¢) = l(p), Yo € V.

Let wy be the solution of the so-called adjoint problem: find w € V
such that

20(i,0) = —DE(T)p = —/ Gl 6|P 2 dx, Yo € V.
D
Then,

E(72) — E(7) = ple) (3a(Ts, o) — 51(W)) + o(p(c)).

Problem: our V = V. := {v € HY{(D\ B.) | v =0 on 9B.}
depends on «.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Truncation technique :

Ve

D\ B.

Before splitting. After splitting.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Truncation technique : internal problem

—aAVM? + V[ = b= aAf in Bg \ B,
vie =0 on 0B,
v = ¢ :=v. on JBg.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Truncation technique : external problem
—alAv. + v. = h:= alAf in D\ Bg,

OpVe = 8,,vgh’¢ on 0Bg,
Opve =0 on 0D.
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Proposition
We have

~ Ve in D \ BRv
Ve =19 he .
v."" in Bg \ B:.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For v, in Vg := HY(D\ Bg), we define

as(v, ) = a/ Vv -Vy dx+a Onv2? da—i—/ v dx,
D\Bg

dBr D\Bg

l(¢) == / he dx — v o do.
D\Bg 8Bg
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For v, in Vg := HY(D\ Bg), we define

as(v, ) = a/ Vv -Vy dx+a Onv2? da—i—/ v dx,
D\Bg

dBr D\Bg

l(¢) == / he dx — v o do.
D\Bg 8Bg

Now V depends no longer on ¢!
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For v, in Vg := HY(D\ Bg), we define

as(v, ) = a/ Vv -Vy dx+a Onv2? da—i—/ v dx,
D\Bg

dBr D\Bg

l(¢) == / he dx — v o do.
D\Bg 8Bg

Now V depends no longer on ¢!
We need to compute da and §/.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

a:(v, ) = a/ Vv -V dx+ « Onv2? ¢ do —i—/ v dx,
D\Bg

dBg D\Bg

(o) = / hy dx — « o0 do.
D\Bg 9Bg
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

a:(v, ) = a/ Vv -V dx+ « Onv2? ¢ do —i—/ v dx,
D\Bg

dBg D\Bg

(o) = / hy dx — « o0 do.
D\Bg 9Bg

da and 9§/

a:(v,p) —ao(v,p) =a [ 0n(v2? — v5?) ¢ do,
0B

(o) = () = —a | 8. — i) ¢ do.
0Bgr
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For vgo’d’:

e Using polar coordinates in R?, we have,

VOO (r,0) =" ca(r) e,

nez
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For vgo’d’:

e Using polar coordinates in R?, we have,

VOO (r,0) =" ca(r) e,

nez

e where ¢, satisfies, for all nin Z, and 0 < r < R,

—ar?d/(r)—arc)(r)+ (r* + an®)c,(r) = 0.
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For vgo’d’:

e Using polar coordinates in R?, we have,

VOO (r,0) =" ca(r) e,

nez

e where ¢, satisfies, for all nin Z, and 0 < r < R,

—ar?d/(r)—arc)(r)+ (r* + an®)c,(r) = 0.

e We solve the equation using Bessel functions. Ol
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Fonctions de Bessel modifiées /,(x) Fonctions de Bessel modifiées Ky(x)

2.0 4

hlx)

0.5 §

0.0

0.0
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

For vgh’o:

e Using polar coordinates in R?, we have,

vIOr,0) =Y ca(r)e™  and  h(r,0) = hy(r)e™,

nez neZ

e where ¢, satisfies, for all nin Z and 0 < r < R,
—ar?dl(r)—arch(r)+ (r* +an®)c,(r) = r?hy(r).

e We solve the equation using Bessel functions. Ol
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Existence of a solution
Topological Gradient

Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Proposition

For € small enough, we have,

Ine

Q) — ) = e Tl o) % +o (‘1) ,

:5&0)
with
—alAvg + vp = aAf in D,
8,,70 =0 on 8D,
and
—aAwy + wg = —VoWo|p72 in D,
O,wp = 0 on OD.
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint
Construction de I'ensemble optimal

Which-pixelsto-remove? Which pixels to keep?
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Existence of a solution
Topological Gradient
Analysis Méthode de I'adjoint

Construction de I'ensemble optimal

Which-pixelsto-remove? Which pixels to keep?

We have to keep in the mask the pixels xg which minimize the
product Vo(Xo)Wo(Xo).
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@ Numerical



Results

Numerical

Original Noisy K (p=2) Uk

Figure: 10% of the total number of pixels.
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Results

Numerical

Conclusion:
Solution for p # 2,

Another operator,

Difficulty in saving K in practice,

Not great for Gaussian noise (there are empirical techniques).
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Thank you for your attention!
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